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Abstract 

We use open-closed string duality between F-theory on K3 x K3 and type II strings 
on CY manifolds without branes to study non-perturbative superpotentials in gener- 
alized flux compactiflcations. On the F-theory side we obtain the full flux potential 
including D3-instanton contributions and show that it leads to an explicit and simple 
realization of the three ingredients of the KKLT model for stringy dS vacua. The 
D3-instanton contribution is highly non-trivial, can be systematically computed in- 
cluding the determinant factors and demonstrates that a particular flux lifts very 
effectively zero modes on the instanton. On the closed string side, we describe a gen- 
eralization of the Gukov-Vafa-Witten superpotential for type II strings on generalized 
CY manifolds, depending on all moduli multiplets. 
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1. Introduction 

One of the central questions in string theory is regarding the existence and viability 
of "semi-realistic" 4d ground states. Much effort has been put recently in the study of 
the vacuum structure of effective potentials in flux compactifications. In particular ref.[0 
(KKLT) outlined a qualitative picture of how 4d meta-stable de Sitter vacua may arise in 
flux compactifications in string theory. 

The method based on effective potentials is not undisputed and indeed this line of 
research is more experimental in spirit rather than deriving properties of the string vacuum 
structure from first principles. On a more modest level, one would like to see whether the 
assumptions in the KKLT ansatz can be met naturally and explicitly. There are essentially 
three basic ingredients: the classical flux potential fixing complex structure moduli, a non- 
perturbative contribution fixing Kahler moduli and a positive energy contribution that 
lifts the vacuum to de Sitter. 

In the KKLT ansatz, the non-perturbative part arises from (possibly "fractional") 
D3-instantons, and these corrections to the potential have received much interest recently. 
D3-instanton contributions to the superpotential have been first studied in [Q, where a 
quite restrictive condition on the compactification geometry was found in order that such 
corrections arise. As a consequence, the superpotential tends to be simple, often too 
simple to allow for an interesting potential that fixes all (Kahler) moduli 30- This 
seems to require a considerable effort and expertise to find working examples 30 and 
makes the proposal of KKLT somewhat unhandy. Moreover the computation of the full 
moduli dependence of the D3-instantons involves a 1-loop determinant, which depends 
in an intricate way on the moduli and has not been computed in general, in addition to 
summing over all possible instantons by hand. 

In this paper we describe a simple flux compactification of F-theory on K3 x K3, 
where all three ingredients of the KKLT ansatz fall natural into place and the full moduli 
dependence of the non-perturbative D3-instanton sum can be computed explicitly. One of 
the important messages is that the flux is very effective in relaxing the geometric condition 
found in [0, and leads to a highly non-trivial instanton sum in a geometry that would be 
too simple to generate a potential without flux.EJ. In particular the classical flux potential 
and the instanton part are intimately related and can not be considered independently. The 
explicit results are obtained by a string duality that relates the F-theory compactification 
to a closed string compactification of type II strings on CY, and they provide a nice 
testing ground for the ideas of [|l| . The generation of new instanton corrections with a rich 
structure in the presence of fiux suggests that the situation described in the KKLT ansatz 
is more generic and widespread than perhaps suggested by previous studies as refs. 000. 

Apart from giving an explicit realization of the KKLT model, the simple F-theory 
example on K3 x K3 turns out to have a surprisingly rich structure also in other respects. 
One is the effective gauged Af = 2 supergravity for this compactification and the dual type 

^ The condition in Q was formulated in the dual M-theory compactification and says that the 
arithmetic genus of a divisor that contributes an instanton to the superpotential is x = 1- It was 
argued in Q that the flux should change this condition. We find that in the presence of flux there 
are contributions from divisors with X = and X = 2. 
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II string on a CY. The F-theory fluxes come close to realize the most general gaugings 
considered in the supergravity literature so far [§] , gauging a Heisenberg algebra of the dual 
quaternionic space for the hyper multiplets. This turns out to be related to the presence 
of a large lattice of 4d BPS domain walls. The superpotential of the theory can be written 
in terms of the central charges of these domain walls and leads to a natural generalization 
of the Gukov-Vafa-Witten superpotential M for type II strings, which is related to the 



recently discovered S-duality of topological strings fT^. 

The organization of this paper is as follows. In sect. 2 we discuss general aspects of D3- 
instantons with a focus on the simple examplei of F-theory compactified on K3 x K3 and 
give some general arguments for the expected form of the instanton corrections. The non- 
trivial world- volume theory is important to determine the determinant and multi- wrapping 
effects. 

In sect. 3 we propose a non-perturbative formulation of the F-theory flux potential in 
an effective supergravity, which predicts already to some extent the structure of the D3- 
instanton corrections, including the moduli dependence of the determinant. This potential 
reproduces all three ingredients of the KKLT ansatz without further adaptations. 

In sect. 4 we describe the basic duality of F-theory on K3 x K3 and type II strings on 
CY manifolds with a focus on the mapping of instantons in the different formulations. In 
sect. 5 we use this duality to study the D3-instanton contributions to the superpotential. 
Moreover we compute perturbative couplings of D3/D7-branes in the F-theory and discuss 
some aspects of the vacuum structure, such as the flxing of the moduli of space-flUing 
D3-branes. 

In sect. 6 we propose a generalization of the Gukov-Vafa-Witten superpotential for 
the dual type II compactiflcations on generalized manifolds, as a bilinear 

^ ~ E(_^ " ^ "f") ^lAiJ^ A 7^), (1.1) 

in the 'quantum periods' of a pair (Z, Z) of Calabi-Yau mirror manifolds. The duality 
implies that particular scalar s of all hypers can be charged under all U{1) symmetries 
gauged by the vectors, the existence of supersymmetric branches, a large set of new domain 
walls that are exchanged with D5 and NS5 branes under generalized T-dualities, and a 
modifled statistics of flux vacua. 

In sect. 7 we conclude with a preliminary study of the vacuum structure. We flnd an 
effective enhancement mechanism for the instanton corrections that relaxes a restrictive 
bound found in |]l|] and argue that most of the 4d A/" = 1 supersymmetric ground states in 
the no-scale approximation are extinguished by the instanton effects. 

In the Appendix we collect some necessary computations on the geometry of the dual 
CY manifolds. 

Note added: While completing this work, three papers appeared that consider the effect 



of the flux from the point of the world-volume theory on the brane instanton [12][13|[14 



^ This is related to a type TIB orientifold in a certain limit in the well-known way We 
will also comment on more general geometries. 
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Some of the instantons computed in this paper faU into the class discussed in these papers, 
whereas others are of a more general type. The results obtained in this paper are comple- 
mentary, as we obtain the full instanton sums including the dependence on the remaining 
moduli, multi-wrappings, non-isolated D3-instantons and other effects. On the other hand 
a world-volume interpretation of these results is not at all trivial; it would be interesting 
to recover some of the phenomena we find also from the world-volume perspective. 



2. D3-instantons: Structure and some physical arguments 

In this section we discuss some general aspects of M5/D3 instantons, with a focus on 
the concrete example K3 x K3. Taking into account the non-trivial world- volume structure 
of the 5-brane leads to a heuristic derivation of some of the later results. 

The basic instanton in the 3d theory obtained by compactifying M-theory on a 4-fold 
is a M5-brane wrapped on a divisor D in X4 [§. If X4 has an elliptic fibration over 
a base S3 one can take the small fiber limit of to obtain a 4d compactification of 
F-theory on X4 [|15|[0. It was further argued in that the 4d instantons arise from 
vertical divisors in this limit, that is divisors D that map to a divisor S in the base S3. In 
F-theory, the dual of the M5-brane wrapped on D is a D3-brane wrapped on S. 

The contribution of a single D3-instanton to the superpotential is of the form 

W ~ /(...) e^-^ p = p, + ip^ = j + iVol{S), (2.1) 

where C4 is the RR 4-form of type IIB. The 'coefficient function' /(...) is a holomorphic 
section of a line bundlell that depends on the other moduli in the problem, including the 
position of space-filling D3-branes. This function may in principle be computed from a 
1-loop computation on the world- volume of the underlying M5 brane 0] |]T^ [|T^ . 

A contribution to the superpotential requires that the instanton supports two 
fermionic zero modes. In the absence of flux, and for a smooth divisor D, the presence of 
precisely two zero modes translates to the following necessary condition on the divisor D 



X 



The above index counts the net number of fermionic zero modes weighted by their charge 
under the circle action defined in the normal bundle of D in X4. Fermions of opposite 
U{1) charge may get massive in pairs and thus the index is a lower bound on the number 
of zero modes. 

For X4 = K3 X K3, the base of the fibration is S3 = By x Xh, with By the base 



^ The full TV = 1 superpotential W is the section of a different line bundle, whose definition 
includes the moduli dependence from the instanton weight. 
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of the eUiptic fibration Xy Byn There are three basic classes of divisors in X4 that 
will be relevant in the following: 

A) A non-isolated, vertical divisor of x = that projects to the divisor S = Xh in S3. 

B) A non- vertical divisor of x = 2 of the form Ci x Xh, with Ci G H2{Xy). 

C) A vertical divisor of x = 2 that projects to a divisor By x C[, with C[ G H2{Xh)- 

The lower bound on the number of fermionic zero modes, provided by the index, is 0,4,4 
in the three cases, respectively. These divisors have naively the wrong number of zero 
modes to support D3-instanton contributions to the superpotential, however cases B) and 
C) have the right number of zero modes to contribute to the Kahler potential.il 

The divisors of type A) have h^'^ = 1, p = 0, ...,3, corresponding to 8 possible 
fermionic zero modes and the situation is more complicated. These divisors have mod- 
uli from the non-trivial third cohomology and the instanton contribution is an integral 
over the moduli. Moreover the non-trivial requires to sum over the gauge field con- 
figurations on the 5-brane world-volume, which leads to a moduli dependence in the form 



of a theta function ^7j. We will be able to compute these effects explicitly and see that 
these non-isolated divisors contribute to amplitudes as if they had four zero modes. 

Moreover we will argue that upon adding fiux in F-theory, divisors of type A) (and 
possibly B)) may contribute to the 4d superpotential. 

Switching on fiux in the compactification manifold has essentially two effects on the 
instantons. First, the fiux may lift some of the zero modes such that the same instanton 
may contribute to a different amplitude that can absorb less zero modes, such as a su- 
perpotential. An important point is that since the instantons exist already in the parent 
theory without fiux, which has more supersymmetry in general, the contribution to the 
superpotential can be often obtained by computing a different amplitude in the simpler 
parent theory without fiux. This has been heavily used in Jl^ ||2! 



The second effect of the flux is that it may generate a tadpole on the brane and obstruct 



an instanton [|2^. This leads to further consistency conditions in flux compactiflcations, 
which may interfere with the goal to flx all moduli. A background flux may therefore 
generate new instanton corrections as well as obstruct instanton corrections, depending on 
the orientation of the flux in X4 relative to the brane wrapping on D. 

We will determine the flux that is relevant for the appropriate lift of the zero modes 
below; in particular for each instanton there is only one flux component that lifts the zero 
modes, namely the flux in the U{1) under which the instanton is magnetically charged. 
Let us for now assume that the flux is of the appropriate kind to reduce the number of 
zero modes on the M5-brane wrapping D to allow a contribution to the superpotential. 
What will be the contribution of the instanton on D to the 4d superpotential? The 3d 



We denote the "upper", elliptically fibered K3 by Xy and the "lower" K3 by Xh- The 
subscript reminds of the fact that roughly speaking the moduli of X\/(ector) and XH(yper) end 
up in 4d vector and hyper multiplets, respectively. XH(eterotic) is also the K3 common with the 
heterotic dual introduced later on. 

^ Our statements on the non-vertical divisors of type B) will be somewhat preliminary. 
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BPS instanton is related to a 4d magnetic monopole M, with a mass proportional to the 
action of the instanton. In F-theory, the 4d magnetic monopole is given by a D5-brane 
stretching between two 7-branes and wrapped on S |2^]. As usual in string theory, the 



magnetic monopole represents a fundamental state in the appropriate regime of the moduli 
space, where the volume of the divisor, Vol{S) = p2, gets small, and the instanton weight 

Q = exp(27rzp), (2.2) 

is Q ~ 1. It is not known at this point in which super multiplet the light monopole is, but 
in any case, it will lead to a logarithmic singularity in the complexified gauge coupling, of 
the form 

9 i 

Teff = ^ + — =ro+c ln{l-Q) + (2.3) 

where c is a constant proportional to the beta function coefficient of the monopole multi- 
plet. 

As explained above, the role of the flux is to lift zero modes and the same instanton 
contributes already to a different amplitude in the parent theory without flux. In the 
present context, this is the amplitude in the parent theory which can absorb four zero 
modes, namely the prepotential JF. The prepotential determines also the gauge coupling 
( p73|) and near the singularity one has approximately r^/f = d^J-". The superpotential is 
therefore closely related to JF and to the gauge coupling. We will show that the relation 
between the gauge coupling and the flux superpotential is simplyi 

where b{M) is the beta function coefficient of the monopole multiplet. In the absence of 
further effects the above potential has the typical decompactification behavior, with Q = 
the only solution to dpW = 0. 



Eq. (|2.4|) predicts that an inflnite number of D3-branes from multi- wrappings on 5" 
contribute to the superpotential. This does not follow immediately from the logarithmic 
divergence in eq.( |2.3| ) because of the extra terms hidden in the dots. However if the com- 
pactiflcation is related to a M-theory compactiflcation in 5d, as is the case for the present 
compactiflcation, the Q expansion of the gauge coupling is as in ( p73| ) |]25[] . The reason is 
that the 4d instantons arise from word-lines of 5d particles and multiply wrapped branes 
correspond to multiple instantons. These instantons then contribute to the superpotential 
as in (|2lD . 

Further details of the potential depend on other (massive) physical states in the theory, 
which also enter the dots in (p.3|) . These effects depend on the details of the full theory and 



can not be recovered from this simple argument.0 One can also not deduce the "constant" 



^ Crudely speaking, the reduction of the power of the derivative reflects the reduced number 
of zero modes, see |21] for a related discussion. 



^ In particular, D3-instantons of type A) have moduli from the position relative to the 7-branes 
and the full action gets contributions from various patches in the transverse D3-brane position. 
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/ in (2J.), which depends on the other moduh. These more detailed questions will be 
addressed in the full string compactification, which has much more structure than the 
simple field theory picture sketched above. 

One important ingredient is that the M-theory 5-brane that describes the basic in- 
stanton of ^ , has itself a non-trivial world- volume theory that may lead to a proliferation 
of instanton effects. In the present case the instanton corrections get contributions from 
the massive states of a non-critical string, of which the 4d monopole is the lightest state. 
The close connection between the 5-brane instanton corrections and non-critical strings 



was already noted in ||2^] , and holds also for the examples discussed in |^ . This will be 
further discussed in sect. 5. 

One comment concerning the divisors in B). The general argument of P], that only 
vertical divisors can contribute in the 4d limit relies on the relation 

where R is the radius in the compactification from 4d to 3d. The volume of a brane wrapped 
on the elliptic fiber E of volume ~ compensates the radius dependent term, whereas 
branes not wrapped on E die out in the 4d limit with a positive power of e~^. However 
one can conceive a more complicated limit, where one also changes the complex structure 
of the elliptically fibered K3 such that a divisor of the type B) has a size comparable to 
a vertical divisor. This limit corresponds to moduli near a non-Abelian gauge symmetry 
enhancement in 4d and divisors of these type could play a role in reproducing the gauge 
theory instantons. 



3. Flux potential and the KKLT ansatz 

In this section we describe the four-dimensional flux potential for the F-theory com- 
pactification in the form that will be used for the computation by string duality. Specifically 
we write the instanton corrected potential in terms of an effective supergravity that may 
be used to relate the two dual theories. The effective potential obtained in this way is 
precisely of the form of the KKLT ansatz, without any further adaptations. 

We will mainly consider the case of F-theory compactified on K3 x K3, although some 
of the arguments generalize to other geometries. 



3.1. Classical potential 

The standard superpotential for the type IIB string compactified to 4d with bulk 
3-form fiuxes is H [1191 



Wf = j nAGs, (3.1) 

where O is the holomorphic (3, 0) form. Moreover G3 = — SuH^, with Su the complex 
type IIB dilaton and F3 {H^) the RR (NS) 3-form fiux. In the case of a purely closed 
string compactification on a Calabi-Yau 3-fold X the expression ( |3.1| ) is an exact formula. 



including an infinite series of instanton corrections |19][20]. One way to derive this fact is 
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to consider the superpotential in terms of the quantities of the underlying M = 2 effective 
supergravity for the compactification without flux. Under certain conditions it can be 



written as 20 



Weff = J2 Pa"' - P^iFa, (3.2) 

A 

where (X^, Fa) is the upper half of the symplectic section for the J\f = 2 vector multiplets 
in the effective supergravityll. Moreover the objects {P^°\ Phoi) holomorphic versions 
of the standard Killing prepotentials that describe the gauging in the supergravity induced 
by the background flux.H The second term corresponds to a gauging of the magnetic flelds 
and will be often set to zero in the following. 

The objects in (|3.2| ) are understood as the exact, non-perturbative expressions includ- 
ing all quantum effects. The exact equality Wef / = Wp follows from the identities 

/ O, / Ga. (3.3) 

where 7a G H^[X^ Z) is a basis of 3-cycles, and 7a the cycle dual to 7a. The exactness of 
the formula ( |3.1|) is due to the well-known fact that the geometric periods / compute the 
full quantum corrected supergravity section ||2^. Indeed the formula ( |3.1[ ) has been 



derived in |19] as the exact BPS tension of a 5-brane domain wall wrapping a 3-cycle in 



the Calabi-Yau manifold X. 
Compactifications with background branes 

The same formula ( p.l|) for the superpotential has been obtained in |j2^ for flux compact- 
iflcations in type IIB orientifolds with background branes, from a compactiflcation of the 
lOd supergravity. However this expression is on a very different footing than in the closed 
string case and not equal to the exact tension of a BPS brane. We will now sketch how 
this potential relates to an exact 4d supergravity quantity as in eq. (|3.2| ), in the case of 
F-theory on K3 x K3, which reduces to the type IIB orientifold T^/Z2X K3 in a certain 
limit. Later we will compute the exact potential in a dual theory described by the same 
effective supergravity. 

Note that the dilaton Sn , which enters through the flux Gs , is in a vector multiplet in 
the orientifold compactiflcation on T^/Z2X K3.ll^ Thus morally speaking the assignment 
of vector and hyper multiplets to the flux Gs and the period integrals / O is reversed w.r.t. 
to the closed string identiflcation (|3.3|). Moreover, the expression ( p.l| ) can not be the full 
answer for the orientifold, since it does not depend on the open string degrees of freedom 
and the back reaction of the dilaton to the 7-branes. The contributions of the open string 
sector have been studied in [R2| in F-theory, building on the work 0. The result is 



Wf = J2 n^(9*)G,An^(ta), /=1,...,22, A = l,...,20. (3.4) 

/,A 



We refer to |27] for background material and references on the effective supergravity. 
^ Explicitly, P/^^i = e^^" ^'^ Pa, with Kh the Kahler potential and Pa the Killing prepotential 
for the hyper multiplets. 

See [30 1 [31 1 for a discussion of the effective supergravity of this orientifold. 
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The objects appearing in the above formula are the period integrals and 11^ of the 
holomorphic (2, 0)-form on the two K3 factors and an integral matrix Gj^ that specifies 
the flux background. More precisely, n^(ta) are the periods on the "upper" K3, denoted 
by Xy, which is elliptically fibered with a zero size fiber. These periods depend only on 
scalars in 4d vector multiplets, denoted by On the elliptic fibration Xy there are 20 
periods labeled by A, and these correspond to the 20 U{1) massless gauge fields from the 
7-branes at a generic point in the moduli. On the other hand, 11^ (g*) are the periods on 
the "lower" K3, denoted by Xh, and they depend only on scalars in hyper multiplets. 

Finally, the vacuum expectation values of the 20 independent ^7(1) field strengths J-'\ 
on the lower K3 Xh are specified as 

= v'Gij,, (3.5) 

with {rj^} a basis of H^{Xh^ Z). This flux induces at the same time an important D-term 
potential that will be discussed in sect. 3.3. 

The K3 periods Il^q^) and Ii^{ta) depend quadratically on the physical scalar fields 
and t^, respectively. The potential ( |3.4D is therefore a quartic polynomial of degree (2,2) 
in the moduli (g*, to)- To be more explicit and to make contact with the orientifold, let us 
spell out the dependence of the superpotential on the scalars ta- A certain parametrization 
of the period vector is 

n^(t„) = (1, -USii + ^C„C„, Sn. U, Caf, a = 1, 16 , (3.6) 

where the entries IT"^ with A > 2 are identified with the vector multiplet scalars ta = 
{Sii, U, Cb). In the orientifold limit T^/Z2X K3, these scalars correspondli^ to the type II 
dilaton Su, the complex structure U of T'^ /Z2 and the positions Ca of 16 D7-branes. The 
superpotential in the scalars ta is then 

1 

Wf = Pl+P2{-USll + -CaCa)+P3SlI+P4U + J2P^+aCa 

a=l (3.7) 

~ / O A Ga, for C„ = 0, Va. 



where p\ = H^Gjj^. As indicated, upon setting = 0, the expression reduces to the 
orientifold potential (|3.1|) for T-^/Z2X K3. In particular the four fiuxes JF^, A < 5 are 
identified with the bulk 3- form fiuxes F^^H^ with one leg along one of the two 1-cycles 
of T^/Z2 in the orientifold limit. The remaining 16 fiuxes correspond to 2-form fiuxes 
on the 16 D7-branes of the orientifold. Note that the potential from the bulk fiuxes, 
corresponding to the first four terms, contains a quadratic term in Ca proportional to p2 
that is not reproduced by ( pT|) . It gives a mass to all D7-brane moduli [[7| [p2l .lll 



As mentioned already, the type IIB dilaton 5// is one of these scalars. 
Up to a subtlety in the quantization condition [ p2| . 

13 



See also the computations of soft-terms on the world- volume in |33][34|[35||36]. 
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3.2. Inclusion of instantons 

The potential ( |3.7|) can be rewritten in terms of the effective supergravity form, 

Wf = Pt'^o, 

using the identifications 

= n^, = Mi J k\, k\ = WGj^, (3.8) 

where indices can be raised and lowered with the help of the intersection matrix M^^ = 
J T]^ Ar]"' and its inverse. The constants k\ are the Killing vectors that describe the charge 
of the hyper multiplet scalars under the A-th U{1) gauge symmetry; see for details 
on the role of the /c^^ in supergravity. The above relations replace the eqs. (p.3| ) in the 
orientifold case. 

As mentioned previously, in the closed string case the period integrals compute the 
exact symplectic sections {X^,F\) and the geometric result is already the final answer. 
There is no similar argument in the case with background branes and one expects further 
corrections. In fact the candidate 4d superpotential Wp depends very weakly on the extra 
compactification; in particular it does not depend on the volume modulus p of the lower 
K3 Xh. For the constant Killing prepotential p'^"^ = 1, it has the strange property that 
it is in fact completely independent of the compactification. 

The reason is that the leading effect of the compactification is exponential in the K3 
volume p and is not reproduced by the naive dimensional reduction. Exponential terms in 
p indicate a non-perturbative origin from the point of the type II string and such terms 
may arise from Euclidean D3-brane instantons wrapped on Xh 0- 

In the next two sections we use a string duality to study the quantum corrections 
from D3 instantons and we find that these corrections depending on p can be written in 
the factorized form 

W^ff = pji^^x^ = p^-^ix^ + X^, ) = 

(3.9) 

= WF{G,q\ta) + W,nst{G, q\ta). 

Here Wp is the quartic polynomial ( |3.7| ) and the instanton correction Winst has the general 
form 

W.^st = Ii'{q')Gj2W,^stiqa): W^nstiqa) = '^'^ f ^Wa) , (3-10) 

k 

wherdl^ 

Q = exp(27rzp), q'^ = exp(27rztj. 
Specifically a term ~ in ( p.lO| ) corresponds to a D3-brane instanton of charge k. 



The K3 volume p is also a scalar in a 4d vector multiplet; we use here and in the following 
a prime to denote the vector scalars t'^ excluding p. 
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The non-zero, and as we will see highly non-trivial D3-instanton sum Winst in the 
superpotential is somewhat surprising because there are no divisors in the simple geometry 
K3 X K3 that satisfy the necessary condition of ref.[Q, x = 1. However, as already pointed 
out in , the discussion in does not take into account the effect of the flux on the zero- 
mode counting. It was also suggested there how physical expectations on the dynamics of 
A/" = 1 SYM predict a non-zero contribution. 

The divisors that support the D3-instanton corrections, as computed in the following 
sections, have been listed in sect. 2. The details of these instantons are somewhat different 
from the situation described in |0] , as the divisors have a different topology, there is no non- 
Abelian phase and the instantons carry integer charges. However there is no contradiction 
at all; the instantons we flnd are closely related to the instantons discussed in by the 
deformation of A/" = 2 theories considered in . 



Let us briefly discuss two non-trivial features of the instanton corrections anticipated 
by the ansatz ( p.lO|) . First note that only one flux component, A = 2 in our conventions, 
induces instanton corrections to the superpotential. This has a simple physical meaning. 
As discussed before, the 3d instanton has a magnetic charge under a particular ^7(1) gauge 
group. The flux that lifts the zero modes on this instanton is, not surprisingly, a flux for 
the gauge fleld in the same U{1). In the orientifold limit, the gauge flux translates to the 
3-form flux component 

H^,^ dx A eta;, 

with an integral 2- form on Xh- 

The result that the superpotential is proportional to a single flux component is seem- 
ingly in contrast to the results from the world- volume computations in [|12| [|13[ [1^] . One 



reason is that the fleld basis defined by the world-volume action is unphysical in the sense 
that it is not simply related to physical observables in the non-perturbative theory. A more 
meaningful description of the physical instanton corrections is in terms of non-perturbative 
coordinates on the moduli space that are related to physical, measurable quantities in a 
simple way. A natural way to define such coordinates is in terms of the non-perturbative 
BPS tensions of physical domain walls, and this is the definition used in this paper; see 
also sect. 6 for a further discussion. 

Secondly, the ansatz ( |3.1UD constrains already to a large extent the moduli dependence 
of the complex structure moduli. Note in particular, that the corrections from the D3- 
brane instantons wrapped on Xh preserve the factorized form of the superpotential, as 
they enter only in the symplectic section X^. This factorization will play an important 
role when we define a generalized fiux potential for the type II side in sect. 6; a more 
detailed discussion of the moduli dependence will be given in sect. 5. 

3.3. D-term potential 



As already mentioned, the same fiux ( |3.5| ) generates also a D-term potential 
This potential restricts Kahler moduli on the lower K3 Xh: 

Vn = \e^" Pi N^"" Pl: = \ D^N'^^D^, (3.11) 
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where A^^^ is the inverse couphng matrix of the gauge fields [27| and the real potentials 
entering the D-term Dj^ = e^^/^P^ are 



1 



JA 



V 



(3.12) 



where j is the Kahler form on Xh^ V = ^ J j A j and J-'a the flux (|3.5|) . The second 
expression in ( 3.11 ), is the standard form of the L>-term in A/" = 1 supergravity. 

The period vector 11^'^ is deflned in as the integral of a self-dual 2-form u^, with 



norm one in a flnite volume K3. The content of the D-term equation Da ~ ^'^'^Q.ia ~ 
is that the 2-form rj^Gjj^ is orthogonal to co^. Each D-term which corresponds to an anti- 
selfdual 2-form restricts one Kahler modulus of Xh at flnite overall volume. This leads to a 
quite effective stabilization of Kahler moduli.liil However a D-term proportional to u'^ can 
not be solved at flnite volume. A D-term in this directions leads to a decompactiflcation 
(zero coupling) limit in the absence of other effects. 



3.4- Comparison with the (A)dS ansatz of KKLT 



Before computing the explicit instanton corrections, let us compare the general form 
of the potential O to the KKLT ansatz ffl. 



Firstly there is the quartic polynomial superpotential Wp in (|377|), that depends for 
generic choice of fluxes on all complex structure moduli of the geometry and the type II 
dilaton Sn. In the orientifold limit it reduces to the superpotential ( p.l| ) of l2^]|ll]- The 
polynomial superpotential Wp does not depend on the volume modulus p of the lower K3, 
Xh. 

The second ingredient is the non-perturbative correction Winst which introduces a 
dependence on the volume modulus p. It combines with the classical part Wp to the exact 
section that determines the effective superpotential. The flrst term ~ Q in the expansion 
Winst should be compared with the non-perturbative term in [M, 



inst k=l 



Ae 



2'iTip 



A = n^(g^)G,,/i(gl), 



where * denotes the single flux component that contributes to the superpotential, A = 2 

, ^ , in agreement with 



in the conventions of (|3.6| ) . The coefficient A it is linear in the fiux Gj^ 
the expectation that the D3 instanton may contribute to the superpotential only if there 
is a non-zero fiux that lifts zero modes. The dependence on the moduli and q'^ arises 
from the one-loop determinant 0. 

The third ingredient in the ansatz of KKLT is a small positive energy contribution that 
lifts AdS vacua to dS vacua. In this contribution comes from anti-D3-branes sitting in a 
sufficiently warped throat, but there are also several other possibilities |3^|^^[^. In the 



present compactification such a contribution is also included already from the beginning 
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For a similar statement for systems with D9/D5 instead of D7/D3 branes, see |38]. 
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in the form of the iD-term potential (|3.12| ) , realizing a variant of the variant of .0 

To summarize, just switching on F-theory flux in the simple geometry K3 x K3 is 
sufficient to generate all three ingredients of the KKLT ansatz, namely the polynomial 
potential for the complex structure moduli Wp, an (infinite, computable) D3 instanton 
sum Winst and a positive energy contribution Vd that may lift the vacuum energy to 
positive values. All three pieces arise from the same 2-form flux described by the single 
matrix G^^ and fall natural into place. We will now turn to a computation of the instanton 
corrected superpotential (|3.9| ) by an open-closed string duality. 



4. Open-closed String duality 
4-1- Duality 

The compactification of F-theory on K3 x K3, or its orientifold limit, the type IIB 
on T^/Z2X K3, leads to a A/" = 2 supersymmetric theory in four dimensions. This is 
the same supersymmetry as that of a type II closed string compactification on a Calabi- 
Yau 3-fold Z, without any background branes. By the general properties of the M = 2 
supersymmetric moduli space, one expects that the two compactifications can be dual to 
each other. For a trivial gauge background, one can rely on known F-theory/heterotic 
dualities to infer such a duality |^ . More general cases of such J\f — 2 dual pairs will be 
described below. 



Let us briefly recall the argument of [^2|. The basic duality is the one between F- 



theory on an elliptically fibered K3 Xy and the heterotic string on in 8 dimensions 
||15|| . Compactify on a further K3 Xh with trivial gauge fields. There is a tadpole in four 
dimensions canceled by 24 D3-branes on the F-theory side and 24 5-branes wrapped on 
on the heterotic side. On the other hand, the heterotic string on Xh (x2^^) is dual to 
F-theory on Z{xT'^), with Z an elliptically fibered 3-fold Including the factor, 
this is also the same as type IIA on Z or the type IIB string compactified on the mirror 
manifold Z. The hodge numbers of Z are h^^ = 43 = h'^^. On the F-theory side there are 
43 vector multiplets in four dimensions, with 19 gauge fields from D7-branes and 24 from 
D3-branes. There are also 44 hyper multiplets, 20 from the K3 with background fields and 
24 from the positions of the D3-branes on K3. 

The above compactification with a trivial gauge background can be connected to non- 
trivial gauge backgrounds by moving k D3-branes onto a 7-brane stack with non-Abelian 
gauge group G and moving onto the Higgs branch in the gauge theory. This corresponds to 
giving vevs to the hyper multiplets from 3-7 strings and represents a finite size G instanton 
of degree k . Such transitions have been studied in |]4^ , together with more exotic Higgs 



branches. 
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The moduli dependence of the potential Vd in eq.(3.11) is different from that in |4C], since 



the axions which receive a non-zero U{1) charge in the flux background are not in a multiplet 
with the volume modulus p2- The superpartners of the axions are the Kahler moduh of Xh at 
fixed volume, and the 8d real scalar that measures the volume of the base By of the elliptic K3 
Xv. 
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The various branches with different number of D3-branes, non-Abehan gauge sym- 
metries, possibly broken by finite size instantons, lead to many components of the Af = 2 
moduli space that differ in the massless and massive spectra. They are connected by tran- 
sitions that can be locally understood as (un-)Higgsing. The F-theory compactification 
with a generic gauge background on KB x K3 and at generic moduli has a well-defined dual 
closed string compactification, with different components of the moduli space described by 
different Calabi-Yau manifolds Z. 

On the other hand clearly not any Z will correspond to a perturbative F-theory 
compactification on K3 x K3. As discussed in the previous section one characteristic 
feature is the peculiar dependence on the modulus p of the K3 volume. As discussed in 
sect. 4.3 below, this requires that the dual manifold Z is a K3 fibration, which also follows 
from heterotic/type IIA duality ||28|| .EZ 

4-2. F-theory flux and generalized type 11 compactifications 

Having a dual Af = 2 pair one may add deformations to break supersymmetry. Since 
the parent theories are supposed to be dual, turning on quantized background fields, such 
as flux or metric deformations, should also match on the two sides. However the mean- 
ing of a certain deformation may be very different in the two different compactifications. 
To compare the deformed backgrounds we will describe both theories within a common 
framework, namely their underlying effective 4d A/" = 2 supergravity theory. The effect 
of the background flux can be described by certain gaugings in the effective supergravity 
45[] . The effective supergravity then allows to switch between the descriptions in the two 



dual theories. 

The mapping from the F-theory fluxes to gaugings in supergravity has been (par- 



tially) worked out in |]3^, and is summarized in ( |3.8| ). We will use this information to 
define (a subset of) those gaugings in supergravity that can be represented in the string 
theory compactification. In fact the gaugings of the type H string realized by mapping the 
F-theory fluxes to data on the manifold Z leads to substantial generalizations of type H 
compactifications. The gaugings in the effective supergravity relevant for such compact- 
ifications have been described recently in We will discuss the type H side of these 
compactifications further in sect. 6, where we write down a generalization of the GVW 
superpotential ( |3.1j ) for these compactifications. Note that it follows from F-theory that 
these compactifications still have supersymmetric branches, c.f. ||46|| ||32|| . 



On the other hand a systematic computation of the instanton terms is, at present, 
only possible in the closed string compactification on the Calabi-Yau 3-fold Z. As usual, 
combining the two dual pictures one gets valuable information for both theories. 

4-3. Effective supergravity for the closed string dual 

The computation of the instanton corrected superpotential will be performed in the 
dual closed string compactification of type HA on a CY manifold Z and the type HB 



There are also F-theory compactifications associated with non K3 fibrations, but those are 
strongly coupled and do not have a simple interpretation as a compactification on K3 x K3. 
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compactified on the mirror manifold Z. In the following we give a brief description of 
the relevant aspects of the effective supergravity for Z and its relation to the F-theory 
compactifi cation. 

In the type IIA compactification on the Calabi-Yau manifold Z, the scalars ta in the 
vector multiplets represent h}^ complexified Kahler parameter. The holomorphic Af = 2 
prepotential for these Kahler moduli is 

1 1 C(3) 

^ = -Cabctatbtc - -Babtatb " Aja - ^XTJTT^ + /(^a), (4.1) 

where x is the Euler number of Z and the coefficients of the first three terms are related 
to topological data of Z as 

Cabc = J Ja^JbA Jc: ^ab = ^ j '^^ ^ ^*Cl(Ea), Aa = ^ j Ja A C2(TZ), 

where {Ja} is a basis for H^'^{Z), Ea is the divisor dual to Ja and Bab^Aa are defined 
mod Z [^^. Finally, the term f{qa) contains the contribution from world-sheet instantons 
that depends only on the exponentials qa = exp(27rzta). A subset of these terms will be 
matched to the superpotential in F-theory from D3-instantons below. 

The holomorphic prepotential for the Calabi-Yau manifold Z defines a standard 
symplectic section {X^, Fa) of the effective supergravity as 

where J^a = dt^^. 

Recall that the F-theory compactification on K3 x K3 depends in a very special way 
on the volume modulus p of the lower K3, Xh- Specifically, the upper half X^ of the 
symplectic section, obtained in eqs.( |3.6D (|3.8|) from F-theory, does not depend on p. This 
is compatible with the CY expression only if there is a symplectic rotation of the section 
( [1.2|) such that the upper half X^ of the new section is independent of one modulus ta 
that can be identified with p. It is not difficult to see that this implies that the component 
Fa of the section dual to ta is independent of ta, which means that the prepotential is 
linear in ta- 

This condition has been well-studied in the context of heterotic/type II duality and it 
implies that Z is a K3 fibration . The classical supergravity corresponding to these 



class of manifolds is based on a special Kahler manifold for the vector multiplets of the 



type 



_,SU{X]) SO{2,n) 
- ^-U^l ^ ^SO{2)xSO{ny^'^- ^^-^^ 

In the F-theory compactification on K3 x K3, the second factor is to be identified with 
the 8d moduli in eq. (|3.6|) from the complex structure of the elliptically fibered K3 Xy with 
n — 18.0 On the other hand, the first factor will correspond to the K3 volume p. In the 
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See [mmH] for details on the K3 moduli. 
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CY manifold this modulus describes the complexified volume of the base Bz of the K3 
fibration Z Bz, 



P 



B + iJ, 



with B the NS 2-form.. The prepotential for the factorized space ( [4.3|) is linear in p and 
the first derivative of the CY prepotential ( [4.1| ) of a K3 fibration looks like 



= {SnU - ]^Cl) - Ap + WinstiQa] 



WinstiQa) = dpfiqa), 



(4.4) 



where it follows from the CY geometry that Ap = 1 . After a symplectic transformation 
(p, J-'p) — > (JFp, — p), the new section (X^, Fa) is 



X 



A 



^ 1 / ^ 

iSirU-^Cl)-l + w,nstiqa) 
Sn 
U 

Ca / 



U'^ + 5^W,nstiqa] 



(4.5) 



As indicated, the classical part of the section X^ for the Calabi-Yau Z coincides with the 
period integrals 11^ of the upper K3 Xy, eq.(|3.6|), in the dual F-theory compactification.H^ 
Moreover we have already anticipated the map from the remaining moduli t'^ to the F- 
theory moduli in (|3.6|) . In particular, p will be identified with the K3 volume modulus 
of the same name in F-theory, and in the orientifold limit the scalars in the bracket map 
under the duality to the type II dilaton Su, the complex structure U of T^/Z2 and the 
positions Ca of the 16 7-branes. 

The above discussion is oversimplified as we have not considered further CY moduli ta 
that are dual to D3-brane positions or to non-perturbative states. However these moduli 
can be added easily at a later stage and we will do so to keep the discussion simple at this 
point; see also Table 1 below. 

The basis change between the CY basis and the symplectic basis ( |4.5|) is also familiar 
in the context of heterotic string dual in [^|. Note that for F-theory on K3 x K3, the 
electric section X^ in ( |4.5| ) is just the standard section for the electric gauge fields on the 
7-branes, whereas the dual Calabi-Yau section ( [4.2| ) mixes 1- and 5-form gauge fields from 
the 7-branes. 

The term WinstiQa) in ([4.5| ) describes the D3-instanton corrections defined in ( |3.10|) , 
as computed by the closed string dual on Z. Note that its leading term is C(<5^) and 
therefore this correction vanishes as p ^ zcxd, in agreement with the fact, that the only 
correction to the superpotential in the vector scalars comes from D3 instantons wrapping 
Xh- Moreover only the period of the C^(l) vector multiplet that couples to the monopole 
is corrected by the D3-instantons, justifying the ansatz in (|3.10| ). 

On the other hand, the second half Fa of the new symplectic section is given by 

Fa =pMAE^^ + ... 
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Up to a perturbative symplectic rotation on 
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where Mkt, is the inverse of the intersection matrix on H^{X, Xy). It receives exponential 
corrections that contain a non-zero term at order 0{Q^) from 

foWa) = fiQ = o.Qsji.qu.qcJ 

and its derivatives. Although the corrections in fo{qa) do not contribute to the superpo- 
tential they enter other quantities, namely the gauge couplings and the Kahler potential 

Kv = -H~lY), Y = 2{J^-f)-{ta-ta){J'a + fa) ■ (4.6) 

These are the contributions of the instantons to the amplitudes in the parent theory without 
flux discussed in sect. 2. This has the effect of changing the values at which the ta' are 
stabilized even in the limit p ioo. Moreover, even the classical part of the Kahler 
potential has a more complicated dependence on the moduli ta than in the KKLT model. 
This leads to an important enhancement of the instanton contribution, as discussed in 
sect 7. 

Space-filling D3-branes 

It is easy to generalize the above discussion to include k space-filling D3-branes. The 
simplest way to see what they correspond to in the Calabi-Yau Z is to use the heterotic dual 
on K3 X T^, where the k D3-branes map to k 5-branes wrapped on T^. Decompactifying 
the T^, one obtains a heterotic string on K3 with ut = k extra tensor multiplets from 



the world-volume fields of the 5-branes. From we know that extra tensors arise from 
/i^^(i?2), where B2 is the base of the elliptic fibration Z ^ B2. Compactifying back to 4d 
on we see that the k D3-branes in 4d are described by k elements of H^[B2) in the 
type IIA theory on Z. 

Moreover, as mentioned already, space-filling D3-branes can be obtained by a process 
of un-Higgsing in the 7-brane gauge theory, where an instanton on the 7-brane shrinks to 



zero size and moves onto the Coulomb branch of the D3-brane world volume theory ||43|| . 



Geometrically this process of creating a D3-brane corresponds to a blow up of the base B2 
and by iteration, the k elements in H^{B2) correspond to k blow ups of a minimal base B2 
describing the case with zero D3-branes. The more general statement for theories without 
a 6d limit is that D3-branes map to blow ups of the K3-fibration Z Bz-^ The mapping 
of the moduli is sketched in the table below .0 

moduli F-theory on K3 x K3 

3 generic p; Sjj, U K3 volume; 2 D7-branes 

h^'\Z) - h^'\B) - 1 C, (C) D7-branes (non-pert.) 

h^'\B)-2 Ba D3-branes 

Tab. 1: Mapping between moduli between Z and F-theory on K3 x K3. 



One way to show this is to start from a K3 and elliptic fibration with an 6d limit, and perform 
an extremal transition of the type fs^ that leaves only a K3 fibration. 
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We do not consider compactifications with non-perturbative gauge fields C, which arise from 



reducible elliptic fibers that are are not contained in the K3 fiber; see for a discussion. 
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Let Bet denote the k extra vector multiplets from the k space fiUing D3-branes. We wiU 
discuss the map between the D3-branes moduh and Kahler moduh in great detail in sect. 5, 
when we compute the classical supergravity generalizing ( [4 .31 ) , and the instanton corrected 
superpotential. However let us note here that if a 6d limit exists, the couplings of these 
extra vector multiplets to the universal fields p, Sii,U,Ca are strongly constrained |l53[] . 



See sect. 2 of iSl] for a nice discussion of the properties of these couplings in the context 



of the dual heterotic string compactified on x K3 and a list of further references. 



4.4- Instantons and fluxes 



As discussed in the previous section, the volume modulus p of the K3 Xh maps to the 
volume of the base Bz of the K3 fibration of the manifold Z under duality. Comparing BPS 
actions, it follows that a D3-instanton wrapped on Xh maps to a world-sheet instanton 
wrapped on Bz- 

To gain further understanding of the nature of this instanton it is helpful to consider 
the heterotic dual 0. Since the F-theory and the heterotic string are already dual in 8d, 
the branes that represent the instantons must wrap the same cycles on the lower K3 Xh 
in the dual theories . 

D3-branes wrapping a divisor of the type C) wrap a curve Ci in Xh and correspond 
to heterotic world-sheet instantons, by the above map or a comparison of BPS actions. 
These instantons correct the metric of the hyper multiplets. We will not have to say much 
about these corrections, although they can be also computed in some cases, as discussed 
briefly in sect. 6. 

A D3-brane instanton that wraps a divisor of type A) wraps all of Xh and the dual 
object is the heterotic 5-brane wrapped on K3xT^ [Q. Using heterotic/IIA duality one 
recovers the above identification of the D3-instantons with world-sheet instantons on Bz 
in the following way. The heterotic 5-brane wrapped on is the dual of the IIA string on 
K3 in 6d [|55|. If Xh is elliptically fibered, the heterotic compactification can be viewed as 
a compactification on fibered over the base of Xh, which is the same as the base 
Bz of Z, thus completing the duality circle. 

On the other hand the above argument indicates, that the instanton obtained by wrap- 
ping the D3 brane on Xh has an intricate structure. The heterotic 5-brane wrapped on K3 
gives a string in 6d; the nature of the string depends on the details of the background, and 
we defer a discussion of it to the next section where we consider specific compactifications. 
Compactifying this string on a circle yields an infinite number of massive 5d BPS particles. 
The 4d instantons to the superpotential arise from world-lines of these particles wrapped 
along an extra S^. Thus the basic instanton in the superpotential comes actually with 
an infinite sum of dressings by the massive modes; this expectation is confirmed by the 
computation in the next section. 
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F/K3 X K3 IIA/Z Het/T^xKS IIB/Z 



D3onA) Fl/ Bz NSS/T^x K3 

D3 on C) Fl/Ci C K3 Fl/Ci C . 



Tab. 2: Basic mapping of instantons in the duals. The cases A), C) 
refer to the type of divisors discussed in sect. 2. 

Flux 

The flux (|3.5|) arises from a 4-form flirx in M-theory of the form 



where fj^ is an element of H'^{Xy) orthogonal to the class of the elliptic flber E and the 
class of B of the section of the elliptic flbration Xy — > By. Simply speaking, the fluxes in 
the directions ry^ have one leg on the flber E and one leg on the B. A tadpole from this flux 
can therefore only arise for the divisors of type B). On the other hand there is one extra 
flux J^o dual to the base of Xy Hpl. This flux may induce tadpoles and obstruct 



the instantons wrapped on the divisors of type C) that correct the hyper multiplet metric. 
Finally, only the flux in the single direction (A = 2) of the monopole U{1) generates the 
D3-instanton sum. 

M = 1 generalizations 

It is natural to generalize the above duality to F-theory compactiflcations with M = 1 
supersymmetry in the absence of flux. It is interesting to note that the map from D3- 
branes to world-sheet instantons applies also to this more general case, at least for a 
certain class of D3-branes. One can use an adiabatic argument, or one may consider 
orbifolding using the Voisin-Borcea construction. E.g. one may start with a conflguration, 
where the F-theory on K3 x K3, the heterotic string on T2 X K?, and the manifold Z 
are invariant under a common Z2 involution, which includes an action on the gauge flelds. 
Modding by the involution one obtains a duality between F-theory on a Calabi-Yau 4-fold 
X4 ~ i^:3 X ii:3/Z2, heterotic string on a Calabi-Yau 3-fold X3 ^ x i^:3/Z2, a type IIA 
orientifold on Z and F-theory on a Calabi-Yau 4- fold X'^ ~ x Z jT^i- 



5. Duality at work 

We compute now the D3-brane corrections to the superpotential in the dual closed 
string compactification of the type IIA string on a Calabi-Yau manifold Z. Speciflcally 
we compute the exact sections in ( |3.9| ) and relate them to the dual D3-instantons in 
the F-theory compactiflcation. 

As explained before, the D3-instanton correction depends in general on the other 
moduli of the compactiflcation of F-theory on K3 x K3 through the 1-loop determinant. 
In particular the exact section X^(ta) depends on all scalars in the vector moduli ta- 
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To write the flux potential in all these moduli leads inevitably to complicated and not 
very illuminating expressions. One can flx most of the vector moduli ta already in the 
Af = 2 supersymmetric compactiflcation without flux, by switching on flnite size instanton 



bundles on K3 [|T6[ and we will do so. Note that the expression (|3.7| ) does not lead to a 
potential for these gauge background as it depends only on the Abelian part of the gauge 
fields. 

As discussed above, a Calabi-Yau manifold Z that describes a type II compactification 
dual to the F-theory compactifications on K3 x K3 must have a field p that appears linearly 
in the prepotential and this requires that Z is a K3 fibration. It is also useful to require 
the existence of a 6d limit, corresponding to F-theory on Z and a perturbative heterotic 
dual on K3. The minimal number of moduli ta for an elliptic and K3 fibered Calabi- 
Yau manifold Z is three, and these correspond under the duality to two 7-brane moduli 
Sii and U, and in addition the volume modulus p. Space-filling D3-branes can be added 
straightforwardly, as will be done in sect. 5.2. 

5.1. 2 D7-branes 

The minimal case with two independent D7-branes is described by elliptic fibrations 
Zj^ over Hirzebruch surfaces F^, n = 0,1,2. The definition of these manifolds as toric 
hyper surfaces, and the map from the three Kahler moduli ta to the F-theory moduli 
{Sji, U, p) is summarized in app. A.l. 

As already written in (|3.10 ), the D3-instanton sum is of the form 



n^(90G,,J]g'=A(?;). (5.1) 

Note that the dependence on the complex moduli of the lower K3 X^, wrapped by the 
D3-brane, is universal. On the other hand, the dependence on the complex moduli ta of 
the upper K3 Xy depends on the details of the instanton. In the language of the M-theory 
5-brane, the coefficient functions fkWa) encode the sum over field configurations on the 
world- volume depending on H^{D) [|l^. For the divisor D = x Xh, an element of 
H^{D) is of the form rj^ Aak, where rj^ E H'^{Xh) and a^, /c = 1, 2 are the 1-forms on the 
elliptic fiber. 

Let us briefiy sketch how the dependence on the moduli t'a arises in the language of 
F-theory. The D3-instanton wrapped on Xh has a moduli space, which is parametrized by 
the position z on the base of the elliptic fibration Xy —>■ By- The instanton exponential 
for the D3-brane wrapped on Xh is 

^-Voi{XH)/x{z,t'j , (^5 2) 

where X{z,t'a) is the local value of the type IIB dilaton. In the F-theory compactification 
A is not a constant, but it varies with the position z on By- The value of the coupling 
constant A(z, t'^) at a position z can be computed as the effective coupling r of the J\f = 2 
supersymmetric gauge theory living on a D3-brane probe at z |11]|5^. The theory on the 



D3-brane probe depends on the location of the 7-branes, e.g. through the states associated 
with a string stretched between the D3-brane and the 7-brane. The contribution of an 
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instanton of fixed charge k is the integral over the positions on By, and it receives a 
dependence on t'^ through the dependence of the local value of X{z, t'^) on the 7-brane 
positions. Note that there is the standard logarithmic singularity in the coupling Te// 
when z is near a 7-brane. This suppresses the regions, where the D3-instanton is near the 
7-branes and leads to a rather soft dependence of the coupling on t'^, for generic values of 
these scalars. 



Although the full dependence in (|5.1| ) can be computed from the type II string, let us 
first switch off the effect of the 7-brane moduli t'^ by making them very large. In this limit, 
fk becomes a constant, in agreement with the fact that the coupling A is approximately 
constant and moreover the patches where the D3-instanton is near the 7-branes decouple. 

As discussed in sect. 2, the contribution in this limit q'^ 0, is expected to coincide 
with the first integral of the gauge coupling of the monopole multiplet 

b °° 

«^.n.t(Q) = 7^$:^' (5-3) 

^ ^ k=l 

where bn is the beta function of the monopole multiplet. The value of bn can be determined 
by studying the gauge theory in the type IIA string when the volume of the section Bz of 
the K3 fibered manifold becomes small. The nature of this gauge theory depends on the 
normal bundle of Bz; for the cases n = 0, 1,2, one obtains a pure SU{2) gauge theory, 
a theory of U{1) with one electron and a SU{2) theory with an adjoint matter multiplet, 
respectively |]5^ , leading to the values 

6^ = (-l)"(n-2). (5.4) 

This is confirmed by a computation of the instanton sum Winst from the dual type IIA 
string theory compactified on Z^- The sum ( p.3|) arises from a single non-zero Gromov- 
Witten invariant 

A^o,o,i = bn 

and describes a world-sheet instanton wrapped on Bz, together with its multi-coverings.il 
This confirms that not just the singly wrapped D3-brane instanton contributes to the 
superpotential (|3.9| ) of the dual F-theory, but also all multi-wrappings contribute with an 
extra weight factor 

The instanton sum depends further on the t'^ for finite values. These corrections have 
a fascinating interpretation in terms of the non-trivial world-volume theory on the 5-brane 
in M-theory, or on the D3-brane in F-theory. The latter is a twisted A/" = 4 supersymmetric 
gauge theory that has been studied in BO] pl[ . 



The number A''^^ is defined as the coefficient in the 3-point function, 

dadbdc^ = Cabc + ; T-r ^ 



with n = (ni, ...,nfj^ii) and non-negative integers. See [59| background material and references. 
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In fact, all (but one) of the above instanton corrections, as well as those in the = 1 



examples of F-theory on 4- folds studied so far [^Gf ||6^ Q , can be interpreted as world- 
sheet instantons of a certain non-critical string |^^. One can see this string in any of 
the dual formulations; let us take the type IIA compactification on Z for concreteness. 
This compactification is related to F-theory on Z in 6d, where the non-critical string in 
question is made by wrapping the D3-brane of type IIB on the section Bz- The nature 
of the string depends on the manifold Z^. There is a nice and simple characterization 
of the string, in terms of the number of 7-branes piercing the D3 brane wrapped on Bz 
5^ . For the manifolds Z„ with n = 0, 1, 2 this number is 16, 8, and one gets the current 
algebra of a heterotic string, a non-critical string with current algebra, and a = 2 
supersymmetric string that is equivalent to a D3-brane wrapped on the 2-sphere of an A\ 



singularity in KB, respectively |5j 

The section Bz of Zq can not be contracted, in agreement with the non-zero tension 
of the heterotic string, but the strings with n = 1, 2 can get (classically) a zero tension at 



Vol(Sz) =0 [|3i0|i.Ea 

The 6d F-theory compactification on Z is related to the 4d type IIA compactification 
by a further compactification on T^. An Euclidean wrapping of the 6d string on 
gives rise to a world-sheet instanton contributing to the superpotential ( |5.1| ). The lowest 
mode contributes the first term in (|5.3| ), but there is an infinite number of more massive 
contributions as is familiar from the heterotic string. To illustrate this point, consider the 
5d particles obtained by a once wound string on S"^ and carrying KK momentum along the 



circle. These states can be related to world-sheet instantons of the type IIA string ||65|| . 
Let us see how the world lines of these particles wrapping the second contribute to the 
superpotential (|5.1| ). The answer can be computed from the Gromov-Witten invariants of 
the type IIA string and it is 



60 Q (1 - 240^1 - 141444^2 + 5^ g ^(g^)^ ^ = q, 

61 Q (1 + 252(/i + 5130^2 +...) =6,Q||(g,), n = 1, (5-5) 

62 = n = 2, 



valid up to 0{Cf' ^q^c^ The expression for n = is the supersymmetric index for K3, 
which plays a prominent role in the 1-loop computations of the heterotic string . The 
expression for n = 1 is the partition function of the non-critical E% string . Finally the 
zero for ?i = 2 is a consequence of the zero beta function coefficient and it does not say 
that this string is trivial. In fact the manifold Zq is a deformation of Z2 in the complex 
structure [jl^ , corresponding to giving a vev to the adjoint hyper multiplet in the 4d gauge 



2^ It is amusing to note that upon compactification to 4d, the non-zero tension of the heterotic 
string becomes equivalent to the statement that the pure SU (2) A/" = 2 gauge theory in 4d 
associated with shrinking the section Bz is always on the Coulomb branch [37|. Moreover the 
non-zero tension of this heterotic string is exponential in the volume of the second in Fq and 
is in fact a non-perturbative effect, see also the discussion in |2(;]. 



2^ Here qi = exp(27riii) as previously and ti U and t2 ~ Sn are the two 7-brane moduli; see 
app. A.l for more details. 
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theory with beta function coefficient bo in (|5.4| ) . So this zero of the superpotential should 



be thought of as a zero of the determinant factor at a special value of the complex structure, 
as discussed in 0. 

Thus the various dual pictures of the instanton generated superpotential all nicely 
fit together: the 1-loop effects on the world-volume of the M5-brane, the D3-instantons 
in F-theory related to the world-sheet instantons of a (non-critical) 6d string and the 
world-sheet instantons of the dual type IIA string on Calabi-Yau manifold Z. It would be 
interesting to study these relations in more detail. To study the vacuum structure of the 
flux compactification, we will rely on the type II picture in the following. 

5.2. Adding space-filling D3-branes 

The above compactifications are dual to F-theory compactifications without space- 
filling D3-branes. We will now study some simple aspects of the case with D3-branes 
included. 

We will only address the two most basic questions and consider them in a minimal 
compactification: i) what is the perturbative effective supergravity including the open 
string modulus, B^, that measures the position of the D3-brane relative to the 7-branes. 
a) what is the instanton corrected superpotential for the D3-brane modulus. 

As discussed above, a space-filling D3-brane can be added by blowing up a point in 
the base of the elliptic fibration Z^, which is the Hirzebruch surface F^. As an example 
we consider a blow up of Zi along the exceptional section of Fi. The resulting manifold 
Zi has four scalars ta that describe two independent 7-brane positions Ca, the D3-brane 
position B on the base of the fibration Xy — > By, and in addition the volume modulus p 
of Xh- The geometry of the manifold Zi is described in app. A. 2. 

Perturbative couplings of D3- and 7-branes 

Let us first study the classical supergravity action, related to the polynomial part of the 
prepotential in (|4.1|) . In a compactification on T^, D7- and D3-branes are related by T- 
duality along the 4 world- volume directions of the 7-brane and this should be refiected by a 
symmetry in the effective action. This argument has been used also in the construction of 
effective supergravity actions of toroidal orientifolds |3l|] .H However we do not expect 



such a symmetry in a moderately generic case for the obvious reason that the gauge theories 
on the D7-brane and the D3-brane have different global supersymmetries and low energy 
dynamics.^ The 1-loop corrections to the coupling are different and therefore we expect 
an asymmetry in the couplings even at the perturbative level; it turns out that the 1-loop 
correction is significant. 

There is a certain ambiguity in how one parameterizes the relative positions of the 
3 branes on By, the coordinates on the Kahler cone correspond to one relative 7-brane 
position and the distances of the 3-brane to the two 7-brane but one may prefer different 
coordinates.0 The ambiguity will affect the perturbative couplings of the D3-branes to 



25 See also the related works in |3|l34)[||[|6|. 

2^ In fact, T-duality of a system of 7-branes on K3 is not fully understood because of the 
non-trivial dynamics of the world-volume theory. 
2^ This is similar to an ambiguity in the heterotic string duals, see e.g. |54]. 
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the 7-branes, as it corresponds to expanding around different vevs for the scalar fields. 
A simple dimensional reduction leads to the couplings on the brane world-volumes 



=Imp, =Im5'/7, (5.6) 

which can be generalized to holomorphic functions as in [^. Let us compare this with 
the result from the dual type II string on Z. We choose a parametrization where B = 
corresponds to a D3-brane at a generic position away from the 7-branes;il the relation to 
the Kahler moduli of Zi is given in (A. 4). This leads to the cubic prepotential 

:FcuHc = P (SiiU) - IsiiB^ + ^Sh- (5.7) 



Although this result is apparently consistent with (|5.6| ) , there are surprising details. With- 
out the last term the prepotential ( |5.7| ) agrees with those for the supergravities based on 
certain homogeneous spaces, discussed in [^[^. However there is in addition the Sjj 



coupling that corresponds to a 1-loop effect from the point of the 7-brane world volume. 
It leads to a further mixing of the fields Sn and B; this asymmetry is expected from the 
lower supersymmetry on the 7-brane. 

More importantly it follows from the parametrization (A. 4) that the above result for 
the D3-brane coupling is only valid in a regime in the moduli where 

Im U > Im Sji, 

which is not the standard regime of the perturbative type II string. In other words, the 
classical gauge coupling on the D3-brane is the smaller of the two 7-brane moduli. 

In the usual derivation of ( ^.6| ), one assumes ImU and ImSu to be large, but one 
does not specify the ratio of the two. However it follows from the heterotic dual, that the 
type IIB on the orientifold T^/Z2X K3 has a strong coupling singularity at Su = U. The 
perturbative couplings depend on the sign of ImU — ImSu. For ImU ~ ImSu there are 
large perturbative as well as non-perturbative corrections that violate the relation ( |5.6| ) 
badly. Continuing to the regime ImC7 <^ ImS the theory is again weakly coupled, but the 
bare coupling on the D3- brane is ImU, not ImSu. This is relevant also for studies of flux 
superpotentials in orientifold models. 

Another consequence of ( p.7|) is that the modulus p mixes with the other moduli 
already at the perturbative level (this is even true in the case without D3-branes), through 
the Kahler potential 

?■ - - - -105 

K = -ln {-{Sn-Sii){7{Sn-Sn?-l2{B-Bf+24{p-p){U-U))+^a3)) 

= -ln{i{p- p){U -U){Sji - Sn)) 

I 1 (hr. R^2 7 - , 105zC(3) 

^ {p--p){U-U)^2^^-^^ -^(^//-^//) +^3(^^^_^^^))+- 
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For another parametrization adapted to the D3-brane sitting on top of a 7-brane see (A. 5). 
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where the second term in the second hne is the 1-loop correction to the Kahler potential, 
in the expansion of the 7-brane gauge couphng. For comparable values of the moduli, 
the above Kahler potential deviates considerably from the factorized form assumed in the 
study of many orientifold models. 

Non-perturbative superpotential for D3-brane moduli 

As can be seen from ( |5.7| ), and argued more generally from the geometry of the dual 
Calabi-Yau manifold, the D3-brane moduli Ba do not couple to the K3 volume modulus 
p in the classical prepotential JF. The absence of these couplings to p means that the D3- 
brane moduli do not appear in the classical period vector ( ^75| ) and do not enter the 
classical flux potential Wp in (|3.4| ), at least for the subset of fluxes in (|3.5| ). The moduli 



-Bq, may therefore enter the superpotential only via the instanton corrections, and behave 
in this sense very much like the K3 volume modulus, p. 

We will now show that the instanton corrections indeed depend on the modulus B 
in a generic enough way to fix all these moduli by the non-perturbative potential. To do 
so it is sufficient to study the first terms of the potential computed in the dual type IIA 
string. In an expansion for large K3 volume and at weak coupling, Im5'//,Imp ^ 1, the 
first terms are 

/ 93(1 + 92) -2^2x 

Winst =94 ( 7Z ) 

(1-92)2 f5 8l 

^ - foKo , 420^2(1 + 92- 293) , ^ , 2 ^2, 

+ g49i 252^3 H — ^ ) +C 94.9i ■ 

(1-92)2 

Here qi = (qi) and q2 = (9293) denote small numbers that correspond to the values of the 
7-brane moduli fixed by the classical potential, Wp- The above instanton correction shows 
a rich, generic dependence on the K3 volume modulus Q = exp(27rip) and the D3-brane 
modulus 9b = exp(27rzi?) through the exponentials 

94 = g9B'^'(9l92)-"/^ 93 = 9b(92)^/'. 

These flat directions of the classical potential will be fixed by the non-perturbative potential 
( ^.8|) . Note that this will generically happen at a point in the moduli where the D3-brane 
is fixed away from the 7-branes. It would be interesting to study the mass scales on the 
7-brane world- volume generated for the matter multiplets from the 37-strings in detail. 

More branes 

For the identification of the manifold A4 v for the effective supergravity, it is instructive to 
consider a slightly more involved case with one more 7-brane. For completeness we record 
here the general form of the cubic prepotential for the type II dual described in app. A. 3: 

J'cuHc = P (SiiU - C) + {-^B'^Sn - SjjU - \SnUB -f ^^f, -f ^C^ - ^SnU'') . (5.9) 

Here {U.Su.C) denote the 7-brane moduli and B the D3-brane modulus. The above 
expression shows a rich structure of perturbative corrections in the various coupling con- 
stants. 
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5.3. Remarks 



The instanton correction ( |5.1j ) has an interesting dependence on the complex structure 
moduh of the two K3 factors, which viewed from the 5-brane world-volume arises as a 1- 



loop effect . It would be interesting to develop the microscopic computation of the D3 
instantons from a world-volume perspective and the explicit results obtained here may be 
of help for progress in this question. It may be worth noting that the instanton corrections 
to the Kahler potential, which are the original D3-instantons with at most 4 and 8 zero 
modes, are included in the type II result as well. 

One remark on line bundles. The effective Af = 1 superpotential is defined as the 
holomorphic section of a certain line bundle C, defined classically by the holomorphic 
(4,0) form on the 4-fold X4 for the compactification. In the present geometry, this line 
bundle splits into two line bundles Ch and Cy of the holomorphic (2, 0) forms on Xh 
and Xy, with curvatures determined by the Kahler potentials on (a submanifold of) the 
scalar manifold A4h for the hyper multiplets and the scalar manifold Aiy for the vector 
multiplets, respectively. This will play an important role in sect. 6. Note that the coefficient 
Ck of the k-th instanton term Q'^ is not the section of the line bundle of the superpotential, 
as is sometimes claimed in the literature; however, it is the section of a different line 
bundle. The section defined by the superpotential includes the moduli dependence on p 
through the instanton exponential. As will be discussed briefly in sect. 6 this line bundle 
C is affected by further quantum effects. 



6. Generalized type II compact ificat ions 

In the previous part of the paper, we were using duality in one direction, namely to 
learn about the non-perturbative F-theory potential from the closed string dual. In this 
section we study the consequences in the other direction, leading to a natural proposal for 
a generalization of the Gukov-Vafa-Witten superpotential to the case of generalized type 
II compactifications.cB 

6.1. Generalized GVW superpotential 

The popularity of flux compactifications is largely due to the fact that they allow to 
understand non-supersymmetric ground states as the vacua of a supersymmetric compact- 
ification with supersymmetry spontaneously broken by the flux. We have used this fact 
before, when computing the instanton corrections to the superpotential, essentially from 
a different amplitude in the parent theory with higher supersymmetry. 

The search for the most general gauge and geometric backgrounds in string theory 
that can be described within an underlying M = 2 effective supergravity is still ongoing 
2IJI |]7T[] [[72| [ [73| ||7^ . The effective supergravity gives an expression for the scalar po- 



tential of the theory in terms of gaugings of the isometries of the manifold of scalar flelds 
12^ . However it turns out that for many purposes it is much simpler and more powerful 



Related results have been obtained in [l69|l from a study of generalized CY manifolds (c/. 



25 



to use an A/" = 1 language. For the case of gauge 3- form fluxes in type IIB, one has the 
well-known Gukov-Vafa-Witten superpotential 



W = j nAGs. G3 = Fs- Sii Hs, (6.1) 

where is the RR 3-form and is the NS 3-form. 

Generalized type II string compactifications involving metric and dilaton degrees of 
freedom turn out be quite complicated technically. The simplest case is the mirror of the 
type IIB theory with both RR and NS fluxes as described by ( |6.1| ), and it leads to compact- 
iflcations on generalized (half-flat) manifolds discussed in |j2l[] [|7l| . These are non-complex 
manifolds, whose geometry is less manageable than that of Calabi-Yau manifolds. It would 
be very helpful to have a simple superpotential that generalizes the GVW superpotential 
to these cases. 

We will now propose such a generalization. On a subset of fluxes specifled below, 
the proposal can be explicitly derived from a chain of string dualities; since the argument 
requires some geometrical background we give flrst a physical argument and defer a more 
rigorous derivation and some details to the next section. 

The GVW superpotential (^) has an elegant physical interpretation as the tension of 



4d domain walls obtained by wrapping the RR and NS 5 branes of the type IIB on 3-cycles 
in the manifold. This relation to domain walls suggests that the generalized superpotential 
should also be simple. In fact, the F-theory superpotential ( |3.4D , 

Wf = J2 n^(9^)G,^n^(ta), (6.2) 

is also related to the (classical) tension of 4d BPS domain walls, obtained from a 5-brane 
stretched between the 7-branes on the upper K3 Xy and wrapping a 2-cycle in the lower 
K3 Xh- The 4d BPS tension is proportional to the wrapped volume and this is measured 
by the bilinear combination of the periods of the (2, 0)-forms in Wp- 

We will now argue that the natural expression that describes the exact BPS tension of 
these domain walls in terms of the dual type II side is also a simple bilinear, of 'quantum 
periods': 

,B+iJ\ 



w{z)= (/ Siin)G,j,{[ 

A=l,...,h,e'J<!"{Z) 

= E (/ ^//OaV) Gi^ (/ 0A7 



I=l,...,h°'i'i(Z) 
A=l,...,h,e'J<!"{Z) 

(6.3) 



,h-i(Z) 
A=l,...,h3(Z) 

The idea of the above formula is that this superpotential describes the type II compactifl- 
cation on a generalized (non CY-)manifold Z, which is related to its CY parents (Z, Z) by 
switching on quantized background flelds induced by the domain walls. Here {7^} ({71}) is 
a basis for H^{Z, Z) {Hs{Z, Z)) and a similar notation is used for the mirror Z. Moreover 
{a a} is a basis for H2k{Z, Z). 
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Before continuing, a few words of caution. In the above expression we use bold-face 
fetters I, A to denote indices that run over the fuU cohomofegies, whereas ordinary fetters 
wiU be reserved for a set of "efectric" A-cycfes under the sympfectic pairing in {X, Z) , 
running over ^h^ indices. The derivation in the next section apphes strictly only to a 
subset of the electric gaugings, corresponding to the ordinary indices /, A in ( W^ ) ■ We will 
give some plausible arguments that (|6.3| ) is the natural generalization in the simultaneous 
presence of electric and magnetic charges, but the generalization is non-trivial. Moreover 
one expects that there will be some consistency conditions on the matrix Gj^, generalizing 
the tadpole condition / F A if = of |T^(see also 0). 



With this preliminaries and up to a small modification that will be added momen- 
tarily, eq. (|6.3| ) is our proposal for the generalized GVW superpotential describing general 
backgrounds induced by a large class of new domain walls in the type II theory. The re- 
lation between the deformed background Z and its parents {Z, Z) is similar to the case of 
half-fiat manifolds, which are not Calabi-Yau, yet the superpotential is computed by the 



quantities in a parent Calabi-Yau ||2T[]. In other words, the superpotential is the section of 
a certain line bundle, which is made from contracting the two sympfectic sections defined 
by the holomorphic (3,0) forms on the parents {Z,Z). The background determines the 
contraction, but it does not change the geometry of the underlying bundles.i2l 

Although the formula is obviously mirror symmetric, we consider it in the context of 
type IIA theory on Z for concreteness. As already indicated by the second expression, 
the integrals above should be thought of in terms of quantum cohomology. The 'quantum 
integrals' of e^"'"*'^ contain the world-sheet instantons of the type IIA theory (which played 
an essential role in the foregoing sections), and these are summed up by the period integral 
on the mirror Z. Similarly the period integral on the hyper multiplet side should be 
generalized to include all quantum effects. 

Before discussing these quantum effects, let us connect the above superpotential to 
the quantities in the effective M = 2 supergravity. The scalar manifold M.h for the hyper 
multiplets of type IIA string compactified on Z is a quaternionic space of a special type, 
called dual quaternionic in [75|. The number of hyper multiplets is uh = l + h}"^ ^ where h^'^ 



is the number of holomorphic (2,1) forms on Z. The Ann scalars in the hyper multiplets 
of type IIA theory compactified on Z arise as 

1 : a, ~ Cijk, ^0 ~ Qjfc' 



where Za are the complex structure moduli of Z, C the RR 3-form, (p is the dilaton and a 
the 4d scalar dual to -B^j^. The space Ain has (at least) 2n + 3 Abelian isometries which 
can be gauged under the U{1) gauge symmetries. These correspond to shifts of the 2n + 2 
fields Ia, ^ = 0, /i^^ and the shifts of the NS axion a [^. 

The most general (hyper multiplet) gaugings in supergravity have been considered 
so far in , where it was shown that one can gauge the 2n + 3 isometries under certain 
consistency conditions on the Killing vectors that follow from the underlying Heisenberg 



It would be interesting to relate this contraction to the framework of |]70t| . 
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algebra defined by the isometries.Eil The formula ( |6.3|) is the generalization of the GVW 
superpotential for these more general supergravity gaugings, going beyond the 3-form flux 
F3 — S11H3 in type IIB language. The charges of the scalars in the hyper multiplets under 
the h^{Z) — 2nv + 2 electric and magnetic U{1) symmetries are given by the integral 
matrix Gjj^; for the electric gaugings in F-theory this fact is derived in (|3.8|) . However 
note that the matrix Gj^ has only h^{Z) x h^{Z) = {2nH + 2) x {2nv + 2) entries, and 
thus misses 2nv + 2 independent gaugings of a single hyper multiplet scalar under the U (1) 
gauge symmetries. 

The missing independent gaugings are related to the isometry of the NS axion a. In 
ff^ (c/. [^) the supergravity associated with the GVW superpotential has been studied, 
and it was shown that the gauging of a arises from the RR 3-form flux F3. That is, 
although ( |6.3| ) is on the one hand a substantial generalization of the GVW superpotential, 
it misses the piece F3 A O due to the RR flux. 

The missing of this term in ( |6.3|) is not essential for a background that preserves the 
lOd SL{2, Z) invariance of the type IIB string, as one can always rotate to a basis where 
there is only a NS flux. On the other hand, backgrounds that break the lOd SL{2, Z) can 
be described by the replacement 

n^GiA-^tf GiA + iVA, (6.4) 



in ( |6.3| ), where 

= / Sun 



'71 

denotes the period integrals in the hyper multiplet sector of the type IIA theory. This 
leads to the extra term 

5W{Z) = y^NA (/ 0A7^), (6.5) 

which describes the superpotential for a RR flux F3 = Nj^'j^ in the type IIB theory. 

The presence of the shifted terms ( |6.4| ) will be argued more rigorously in the next 
section; a physical interpretation is as follows. As alluded to above, the extra term is 
really related to backgrounds that break the lOd SL{2, Z) invariance. To motivate the 
replacement ( |6.4|) , as well as get further insight into the formula ( |6.3|) , recall that the 
quantum definition of the period integrals I)} is as objects in the topological string theory 
on Z. It was argued in [|10[ , that the topological string has an S'-duality, which is inherited 



from the lOd SL{2, Z) duality from the type II string. It was further argued that there is 
a coupling 

f {^B + iglCNs) A d{kB + igsBRR) f {^a + igACRR) A d{kA + iEns) ,^ p. 

J 7b 7a ^'-'^ 

where the subscript A (B) refers to the A-model (S'-dual B-model) on a CY, qa = g~B^ are 
the topological coupling constants, and C and B are 3-form and 2-forms, respectively. 
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These conditions should be related to the generalized tadpole condition mentioned before. 



28 



Note that the above couphng reproduces both, the NS and RR term in (|6.1|), from the 
terms proportional to dB^s and dBnn but to describe these terms with general coefficients 
that break the SL{2, Z) one has to add in some sense both terms at the same time. Note 
also that defines the superpotential for the case of type IIA compactified on the 

special half-fiat manifolds considered in . 

The antisymmetric tensor fields B and C are defined up to discrete, integral shifts by 
elements of the cohomology.ll The breaking of the SL{2, Z) is a quantized effect and it is 
natural to think of it as shifting the values of, say the NS field relative to the RR field by 
an integer, in a way that breaks S'-duality. In fact shifting, say in IIA, 

CRR = ci'y^ + S{Cns), ciGZ, 



where S denotes the S'-duality operation, the coupling ( |6.(]| ) produces precisely shifts of 
the form ( |6.4]) . 

Note that, similar as the original F-theory expression (6.2), the superpotential is a 



section of two separate line bundles over the manifolds Aiy and M.h- This factorization 
is preserved by the instanton corrections discussed in the previous sections. 

T-dualities 

Note that integral basis transformations of H^{Z, Z) and H^(Z, Z) generate a large group 
of "T-dualities", 

Qt = Sp(/i3(Z), Z) X Sp(/i3(Z), Z). (6.7) 

These dualities can lead to symmetries in the moduli of a single theory, if the transforma- 
tion is induced by a monodromy in the original moduli space and at the same time the 
fiux matrix respects these symmetries. Otherwise the duality relates the effective theories 
of different compactification backgrounds. This is similar as in the more familiar case of 
the moduli space of A/" = 2 parent theories. A continuous, real version of ( |6.7| ) is realized 
in the classical supergravity [§. 

The above transformations do not mix with the extra component (|6.5[) related to the 



RR fiux. It is natural to ask, how the 5'L(2, Z) transformations that act on the GVW 
superpotential ( |6.1| ) , combine with the T-dualities in (|6.7| ) . In the next section we will give 
evidence, that the combined transformations generate a duality group 

Gs = Sp{h^Z) + l,Z)x Sp(/i3(Z), Z). (6.8) 



Statistics of vacua 

Taking into account that the final fiux matrix is an integral {h^{Z) -|- 1) x h^{Z) matrix, 
the counting of fiux vacua in generalized type IIA compactifications with tadpole L should 
be modified to 

TV ^ rhih^(Z)+i)xh^{Z) 

■'■^ vacua ^ 

replacing the estimate Nyacua ~ L^('^^+^) based on the GVW superpotential 



This is oversimplified, see e.g. ff^ . Moreover, whereas the closed string sector is almost 
invariant under these shifts, the open string sector is not. 
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6.2. Derivation of eqs. ( ^7^ and ( \6.^ 



In this section we will derive the formula ( |6.3| ) and the shifts (|6.4|) in the limit of 
small type IIA coupling constant and for a restricted set of fluxes. The argument is based 
on a detailed study of the string duality considered in this paper and involves essentially 
three ingredients, the c-map of |7|], the 'stable degeneration' (s.d.) limit of [jl^[^, and 



a certain result on mirror symmetry obtained in |8C]. The general idea is to first use that 



the lower K3, Xh, is the same for the F-theory and the heterotic dual on T^xK3. In the 
second step we use a very explicit map from the complex structure moduli of heterotic on 
X K3 to type IIA on Z, which goes via the 6d F-theory in the s.d. limit. 
Let us first sketch the argument for a codimension two subslice in the F-theory fluxes. 
Consider a non-generic heterotic K3, X'^^', of the same type as the upper F-theory K3. 
That is is an elliptically flbered, polarized K3 with a Picard lattice of dimension 2 
spanned by the class E of the elliptic fiber and the class B of the base of the fibration 
X'fj^' B. The complex structure moduli of X'^j^' preserving this structure parametrize 



the coset El 



50(r^'^«)\50(2, 18)/^0(2) X 50(18). (6.9) 

The lattice F^'^^ corresponds to 20 out of 22 2-forms rj^ on Xh that are available for the 
F-theory fiux ( |3.5| ) entering the superpotential. Two fiuxes have been lost because of the 
holomorphic elliptic fibration (fiuxes on E and B may contribute to the D-terms in ( |3.1ip ) . 

There are two Kahler moduli of the elliptic fibration X'^^'. The first is the size Ie 
of the elliptic fiber E. The limit tE —>■ cxo in the heterotic string maps to the stable 
degeneration Zg.d. of the elliptic and K3 fibration Z [|16[[^. In this limit, the bundle data 



of the heterotic string on X'^j^', encoded in the complex structure of Z, are lost and the 
complex structure moduli of Zg.d. map 1-1 to the complex structure moduli of X'^j^'. The 
size of the base B of the fibration X^^' B maps to the type IIA dilaton . 



What we want to show first is that in the limit of large tE^ts one recovers the classical 
definition of the CY periods from the K3 periods. 



/ A 7^ =i / w A ry^, 
J z Jx„ 



where ~ means up to perturbative symplectic rotations of the CY period vector. Combin- 
ing this with the identifications of the periods on the side of the vector multiplets, ( |3.8| ), 
this will establish ( |0| ) for the subset of fiuxes discussed above. 

Some details on how the periods of K3 map to the periods of Zg.d. have been described 
However for our purposes it is more convenient to use a result on mirror symmetry of 



m 

ref. 18^]. It was shown there that if Z^+i is a CY n-(- 1-fold for an F-theory compactification 
dual to the heterotic string on an n-fold X^, then the mirror Z^+i of Z^+i is a fibration 
Xn —>■ Zn+i ^ with Xn the mirror of the heterotic compactification manifold Xn- 
Moreover the stable degeneration limit of Zn+i maps to the large base limit of Z^+i. The 
virtue of this 'theorem' is that we can write at once the period vector of the manifold Z 
in the s.d. limit: 

U\Z,,d.)=(y^j) . (6.10) 
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The factorized structure of the period vector is characteristic of any fibration — ^ -^n+i 
and can be seen as foUows. In the mirror Z^+i, the period vector ( |6.10|) corresponds to 
the complexified volumes of the even-dimensional cycles. In the limit of a large base with 
volume V, these are of the form C2k(+2) = C2k{^n) x (1, P^) and their volumes are given 
by the period vector ( |6. 101 ) .111 

In our case, n = 2 and the mirror Z of Z is therefore a K3 fibrationll, with a K3 fiber 
X that is related to X'^^' by mirror symmetry of polarized K3 surfaces ||8^. It follows 



that the upper half of ( |6.1U| ) is precisely the period vector 11^ ) of X'^^^'. Plugging 
the special form of and the F-theory fluxes into the general formula (|6.3|) , we recover 



the F-theory superpotential Wp (|6.2| ), restricted to the fluxes that are available in the s.d. 
limit. 

To recover the missing fluxes and to motivate the most general formula of sect 6.1, 
let us see how the period of Z^ d. sits inside the manifold A4h for generic values of 



V and the type IIA dilaton. By the c-map |7g], the 4(n -|- 1) dimensional quaternionic 
manifold Mh has a 2n dimensional Kahler submanifold Kh of special type. For the hyper 
multiplets associated with a general K3 surface Xh this relation is 

SO(4.20) ^SJHIAI, ^ , SO(2,lS) ^^^^ 



SO{4)xSO{20) ^ U{1) ^SO{2)xSO{\%ycs 



where s is the basic map deflned in [^5[, arising from the compactiflcation of the type II 
string on a CY times an extra circle. The moduli on the l.h.s. of (|6.11D are the hyper 
multiplet scalars for the lower K3 Xh- As indicated, the flrst factor on the r.h.s of ( |6.11j ) 
can be identifled with the complex modulus containing V and the second factor with the 
complex structure of the specialized K3 manifold X^j^'. This is in agreement with the 
factorized form of the period vector ( |6.10| ). 

Note that a subset of the symplectic transformations acting on i7'^(Z, Z) acts as a 
SL{2, Z) on the flrst factor on the r.h.s. of ( |6.11j ); in particular there is one transformation 
exchanging the upper and lower halfs of the period vector ( |6.10|) . Thus from the point of 
the CY geometry, it is very natural to extend the set of gaugings to the full period vector 
n^, as has been implemented in (|6.3| ). 

To recover the extra term in ( |6.5| ) associated with the RR-fluxes in the type IIB dual, 
we have to consider a more general F-theory flux on a generic, non elliptically flbered K3, 



"^^ More precisely, one loses the cohomology associated with singular fibers in this approxima- 
tion, which includes the heterotic bundle data mentioned before. See [ p6| for more details on this 
argument including the intersection form on the cycles. Note also that 11^ defines a symplectic 



section of the special form (4^) discussed in sect. 4. This is a consequence of the fact, that in the 
M-theory compactiflcation to 3d on a further circle, there is a symmetry that exchanges the two 
K3 factors. This exchanges the also the manifolds Mh and the hyper multiplet manifold M'y 
associated with A^v" by the c-map. 

The K3 fibration of the mirror Z should not be confused with the K3 fibration of Z which 
was required for having a perturbative F-theory dual in sect. 4. 
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Xjj. This means necessarily to abandon one of the two Kahler moduh Ie and t^, related 
to the s.d. limit and the type IIA dilaton, respectively. To recover the classical limit, in 
which the 'quantum periods' are related to the geometric period integrals we have to 
keep the type IIA dilaton large and the volume of Xh finite. 

We describe now a deformation to a generic K3 starting from the elliptically fibered 
case. Consider the K3 X'jj^' with Kahler class 

J = tEE + tBB, V=ll J AJ = tE{tE+tB), 

at fixed Kahler moduli {tE^tB)- Here {E,B) are a (dual) basis for Pic{Xl^^') with inter- 
sections 

E.E = 2, E.B = 1, B.B = 0. 
Let C denote the unique class orthogonal to J, normalized to C.C — —2, 

C= Jl (S-XB), A = — , 

where S = E — 2B is the section the elliptic fibration. One can deform the complex 
structure to grow a component in the direction of C 

fi= [ u, (6.12) 

Jc 

with uj the (2,0) form. Consider a series of the above deformations with decreasing Ie 
but fixed volume V. By the above identification of with the 4d dilaton, this is a weak 
coupling limit, Ib ~ t^^, of the type IIA string. We are interested in the scaling of 



the deformation (|6.12|) with the dilaton tB- From the definition of C one finds that the 
deformation /x scales as 

fx ~ tB- 

Adding the new period to the period vector of X'^j^' one obtains 

Thus the new period vector for the generic K3 Xh has one entry of O{gio) that 
reproduces the extra term ( |6.5|) , and the potential from the RR-fiux in the type II theory 
is just one of the terms in the F-theory potential ( |6.2| ). This is not surprising, since the 
type IIA dilaton maps to a hyper multiplet of the F-theory K3. Note that the symplectic 
transformations on mix the new period with the original ones, leading to the generalized 
duality group (|6.8|). 

Since the above limit requires small Ie, there are world-sheet instanton corrections 
to the hyper multiplet metric in the heterotic string. These are already included in the 
exact type IIA period integrals ( |6.10| ) in the form of exponential corrections ~ exp{27riV) . 



See I^J] for an interpretation of these instantons in the heterotic string. In fact these 
corrections are dual to the D3 instanton corrections in F-theory on a divisor of type C) of 
sect. 2. It would be interesting to study this relation in more detail. 



32 



6.3. Some remarks 



A cautionary remark is overdue at this point: it is not at all obvious, that the scalar 
potential of the most general gauged M = 2 supergravity can be written in terms of 
a superpotential W. The Killing prepotentials P^, x = 1,2,3 of the M = 2 effective 
supergravity are a triplet of the SU(2) R-symmetry. To define the superpotential ( [3^^ ) 
one has to choose a preferred direction in the SU{2) corresponding to the D-term. A 
careful discussion of how to define the F-terms and L>-terms (|3.11|) in the F-theory 
compactification can be found in [^. Note that the same flux gives rise to both terms. 
In the general M = 2 scalar potential there are terms that mix the candidate F-terms 
and the candidate D-terms and these mixed terms might be incompatible with the M = 1 
language. The ansatz ( |6.3D , or even ( |0| ) for a generic point in the hyper moduli, does 
only apply to the case which can be consistently described in A/" = 1 terms. 

Secondly, we have not discussed the hyper multiplet moduli in the F-theory that are 
present for general gauge bundles on Xh- From the point of the type II compactification 
on the CY, there is no clear distinction between these moduli and the geometric moduli 
associated with K3 and there is no reason why one should restrict to the latter in the 
summation over the moduli of Z in ( |6.3| ). This is reasonable, but needs to be understood 
further. In particular it would be interesting to understand the gauging of bundle moduli 
in the language of F-theory or the heterotic string. 

Finally let us mention that the F-theory potential Wp in ( |6.2| ), has a large number 
of classical supersymmetric ground states, both oi M = 2 and M = 1 supersymmetry 
|^[^. As discussed in the previous section, the F-theory fiuxes map to quite general 
compactifications on the generalized CY manifolds of |j7^, where this property may be 
much less obvious. It would also be interesting to study the vacuum structure of ( |67^ ) 
for the most general case. Note that the most general superpotential ( |6.3|) depends on all 
CY moduli multiplets and should generically lead to a complete fixing of all moduli even 
before taking into account instanton effects. 



7. Some remarks on the vacuum structure 

In this section we look into some properties of the vacuum structure of the instanton 
corrected scalar potential. We will not attempt a detailed study, which will be considered 
elsewhere. We will restrict to point out a few interesting aspects that are worth of further 
studying. 

There are essentially two different cases, depending on whether the value of the su- 
perpotential at the classical vacuum, Wq, is zero or non-zero before taking into account 
instantons. In the no-scale approximation these correspond to supersymmetric and non- 
supersymmetric vacua, respectively. We discuss these two cases separately. 

7.1. Vacua with Wq ^ Q 

The scalar potential for the F-theory compactification is given by the instanton cor- 
rected F-term ( |3.9| ) and the D-term (|3.11|) . In the minimization of the potential was 
performed in two steps, where one first fixes the vevs for the moduli appearing in the clas- 
sical flux potential Wp and then uses the result as a potential for the moduli that appear 
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only in the instanton corrected part. From the results in we expect, that this two step 
procedure is justified in a generic enough situation. However it is important to check the 
absence of unstable directions, which is a necessary condition for the existence of an uplift 



to dS 85 



In the present compactification, the effectiveness of the classical potential Wp in 



fixing most of the moduli has been discussed in |32]; see also |3S] for a similar study for 
compactifications with D9/D5 branes. On the other hand the K3 volume p and the D3- 
brane positions Sq, do not appear in the classical flux potential and are to be flxed by the 
non-perturbative effects. 

On general grounds, one expects that the F-theory compactifications considered in this 
paper behave like the KKLT model for very large volumes. The advantage of the present F- 
theory compactifications is that one can also compute the potential in the regime of smaller 
volumes by string duality, thus probing a more generic class of string vacua. However, as 
we will discuss now, also at large volume there is a richer structure of vacua than in the 
KKLT model. 

The reason is that the Kahler potential of the F-theory compactification depends dif- 
ferently on the modulus p that governs the instanton corrections. Instead of being general 
we take as a simple example the compactification on Zq dual to F-theory without D3- 
branes; the conclusions in more complicated models will be similar. The Kahler potential 
is is -ftT = —IniY, with 

Y = {ti-h){^{ti-hf + {ti-h)it2-h + P~p) + {t2-h){p-p)) , (7.1) 

where we have neglected a' and instanton corrections for simplicity. As before, p denotes 
the modulus which measures the K3 volume and determines the strength of the instanton 
corrections; on the other hand the moduli ti,i2 ai's generic D7-brane moduli that appear 
also in the classical fiux potential Wp. 

In the two step procedure, one looks first for solutions to the equations 

DtWF = (dt^ + KtjWF = 0, Kt^ = dt^K, a = 1, 2. 

The problem with this is that the first derivatives Kt^ depend on the K3 volume modulus 
p, also for large values of ta, p- Thus the value Wq at a solution of the above equations 
will be a function of p and can not naively apply the two step procedure adopted in [Q. 

Restricting the sizes of the moduli {ta, p) further, one can distinguish two large volume 
regimes where the first derivatives Kt^ are almost independent of p 

/ : Imp > Im(ta), // : Imp<Im(t„) (7.2) 

In these regimes, Wq is approximately independent of p and one can attempt a two step 
procedure as in |^. 

Despite of the fact that the Kahler potential is still different from that in the KKLT 
model in these regions, the regime / is expected to behave very similar. The other large 
volume regime is different and leads to a large enhancement of the instanton corrections. 
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Let us recall why a very small Wq was required in the KKLT ansatz and see how this 
conclusion is relaxed in the regime // of the F-theory duals. With a Kahler potential 
K = — 31n(p — p) and the ansatz Winst = Ae^"'P, the minimization of the p modulus 

Dp{Wo + w,nst{Q\ Qa)) =0, Dp = Kp + dp, (7.3) 

reduces to 

Wo = -Ae-^P^ (1 + iaK-^) . (7.4) 

Here pi has been set to for simplicity. The function on the r.h.s. has a very small 
maximum for reasonable values of the parameters A and a, since the growth of the term 
= 2p2/3i for large p2 is cut off by the exponential suppression from the instanton 
prefactor. A solution to this equation at sufficiently large positive p2 thus requires a very 
small Wq II. 

With the Kahler potential ( [7.1| ) one finds in the two regions 

1 (imp Imp>Im(t„), , . 

P ^ \lm{ta) Imp<Im(t„). ^ ' 

We do not distinguish the values of the moduli ta for simplicity, with the understanding 
that the precise behavior of will depend on the details. The important point is that for 
the non-minimal Kahler potential, is considerably larger in the regime Imp <^ lion t a 
than in the KKLT model and this leads to a very effective enhancement of the prefactor of 
the instanton exponential. We have studied some examples and find that the enhancement 
factor can be (9(10 — 100). Fig. 1 shows the value of Wq that solves DpW = for the 
model based on the manifold Zq. 




Fig. 1: Enhancement of the value of the classical superpotential \Wo\, as a function of ts 
and for a supersymmetric vacuum for ta = i{l + 20n), n = 0..3 from bottom to top. 

Note that the enhancement does not depend on the details, and works if one or more 
of the Im (ta) are sufficiently large. Although the value of Wq is weakly correlated with 
the values of the ta, there is no reason to expect that the relevant ratio Kp ■ Wq is fixed 
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when increasinglm (t^) in certain directions. So the enhancement wiU take place for the 
subset of fluxes&3 which lead to sufficiently large Im (ta). 

Note that it was also important here that there are two different types of Kahler 
moduli, the ta fixed by the classical potential and p fixed by the non-perturbative effects. 
Otherwise the minimization equations for the ta would lead to equations similar to ( [7.4|) , 
but with the instanton prefactor being an exponential in ta, which would bring back the 
original condition Wq <^ 
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Fig. 2: Left: Evolution of the F-term contribution to the scalar potential V for increasing 
values of | Wo \ ■ For larger | Wo \ the vacuum moves towards very small volumes whereas a new 
non-supersymmetric vacuum at large volume appears above some Wq^^^ . Right: Potential 
with one supersymmetric and one non-supersymmetric minimum for Wo > Wq"^^^. 

We have performed a preliminary study of the vacua, using the full instanton corrected 
Kahler potential and superpotential, where the above enhancement can be explicitly stud- 
ied. We find an interesting structure of the scalar potential with either one or two minima, 
with and without supersymmetry. In particular there are non-supersymmetric vacua sim- 
ilar to the ones discussed in [^. Fig. 2 shows the structure for the model based on Zq. 
Since the potential is computable to high precision, one can follow the evolution of the 
vacua for growing Wq into a stringy regime at smaller volumes, where the supersymmetric 
vacuum of |1|] at large t ceases to exist and is replaced by a non-supersymmetric vacuum. 
It would be interesting to study this further and we plan to give a detailed discussion 
elsewhere 

7. 2. Strongly coupled IR physics and N = 1 Minkowski vacua 

The fiux potential ( |3.4|) allows for a large class of A/" = 1 supersymmetric Minkowski 

One expects that the selection is less serious for models with many moduli ta, thus allowing 
larger values of Wo- This is opposite to the case in where many Kahler moduli require even 
smaller values of Wo- 
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ground states of the effective M = 2 supergravity with Wq = at the minimum [|6||3^.E3 
The condition Wq = means that there are hnear combinations of the period vector 11^, 
that vanish at the minimum 



SU — 72paCa 

s 
u 



(7.6) 



Similarly such null vectors may also exist in vacua with a total Wq 7^ at the minimum. 

There are two distinct cases depending on whether one of the null vectors is an integral 
vector of norm (t;")^ = —2 or not. In this case there is a classical gauge symmetry 
enhancement in 8d from colliding 7-branes.0 

In the latter case, let us assume that the matter spectrum of the 4d A/" = 2 gauge 
theory from the 7-branes leads to an asymptotically free theory. As is well-known ||37|| , 
this theory is strongly coupled near the origin of the Coulomb branch, for any non-zero 
bare coupling. In the present case, the modulus p sets the bare coupling for the 7-brane 
gauge groups while the positions of the 7-branes are controlled by the moduli t'^. Tuning 
the t'a to obtain an asymptotically free 4d gauge theory on a subset of 7-branes leads to 
the divergence of the instanton expansion Winst- 

This divergence arises for any large but finite Im (p) from the divergence of the co- 
efficient functions fkiQa) in (|5.1|) . It follows that one can not use the approximation 
W = Wp + 0{Q) in this case; instead one has to resum the instanton series into a conver- 
gent series adapted to this regime, such as in |^ . 



Let /A^ denote a neighborhood of the subloci in the moduli where there are vectors 
f ^ of the special type described above associated with an asymptotically free non-Abelian 
gauge symmetry. The theory is strongly coupled in this regime and the subspace Ai^ 
should therefore be deleted from the moduli space when studying the approximation to 
the classical superpotential W = Wp + 0{Q)x^ There may also be vacua in the strongly 
coupled region A4^, however these are not small deformations of vacua of the classical 
potential Wp, and need to be studied by the different means of a strong coupUng expansion. 

These statements hold independently of whether the value Wq of the superpotential 
at the minimum is zero or not. However we will now argue that in the supersymmetric 
case Wq = 0, the weakly coupled vacua are unstable against decompactification and thus 



"^^ There are claims in the hterature that supersymmetric solutions in type IIB require the 
presence of negative sources for the space-time tadpole. The type IIB compactifications associated 
with the perturbative vacua discussed in this section are well-known counter examples to these 
claims. 

"^^ See [51 1 for a discussion and further references. 



This holds also in toroidal orientifold compactifications which have sectors with asymptot- 
ically free TV = 2 supersymmetric gauge theories. These orientifolds are strongly coupled and 
destabilized by the above effects from gauge instantons. 
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artifacts of the 8d approximation. We will only sketch the argument here, pointing out the 
general structure and the two branches of solutions. A more detailed account can be found 
in pO] , in the context of heterotic string compactifications. The gravitino mass matrix in 



the effective Af = 2 supergravity is 

Sab ' 



PlX^ PaX^ 



where P^, x = 1,2,3 are the Killing prepotentials describing the flux. In particular 
Pa — Pa + iPa is the complex combination related to the superpotential (|3.8| ) and P^ 
enters the D-term ( |3.12|) . Near a Af = 1 vacuum with dW = W = = Vd, the mass 
matrix is of the form 

5.B~f-^''» + T^^'>» ° ° ). (7.7) 



Wo J \ po Winst 



where Winst is the D3-instanton correction defined in ( [4.4] ) and a subscript denotes the 
vacuum value. By assumption, Wq = in the original vacuum and the left upper corner 
is non-zero due to the extra term; otherwise one would have two massless gravitinos and 
Af = 2 supersymmetry. 



The second term in (|7.7| ) is the instanton correction, where po denotes the component 
of Pa multiplying the instanton corrected period.!!! One might expect that for a small 
correction Winst, the moduli in Wq may adapt themselves to restore a zero eigenvalue by 



a small shift in Wq. However this hope is excluded by a no-go theorem ||8§]. This no-go 
theorem states that whenever the symplectic section (X^, Fa) derives from a prepotential, 
that is Fa = g^J^iX^), there can not be partial supersymmetry breaking to A/" = 1 with 
dW = W = 0. The section {X^,Fa) in ([1.5|), can not be derived from a prepotential if 
Winst = since it does not depend on p. On the other hand there is a prepotential after 
including the p dependent instanton corrections. 

The instanton correction Winst vanishes at p = zoo, where one recovers the original 
Af = 1 supersymmetric vacuum. However this vacuum is strictly 8 dimensional and should 
therefore not be counted as a point in the space of 4d string vacua. The only way to avoid 
the conclusion that the vacuum decompactifies is that there is a new minimum created 
by the the correction Winst-, which means that the instanton effects are large and such a 
vacuum is not described by the classical superpotential Wp- 

Thus including the instanton corrections leads to a quite dramatic change in the 
statistics of perturbative Af = 1 Minkowski vacua, compared to the study of the classical 
potential. Most vacua are destabilized by the D3 instanton effects and decompactify to 
eight dimensions. Only a small fraction is possibly stabilized by strong infrared dynamics, 
in the concrete case by confining gauge theory on the brane.0 Thus including the instan- 
tons leads to a new picture with less vacua, which moreover are all "semi-realistic" in the 
(weak) sense that they lead to interesting low energy physics. 



This is P2 in the notations of eq.(4.5). 

More generally, the strongly coupled infrared phase may also describe less conventional 



physics, perhaps conformal fixed points or tensionless strings. 
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Appendix A. Calabi-Yau geometries 



In this appendix we collect some computations in the dual closed string Calabi-Yau 

manifolds. The Calabi-Yau manifold Z will be represented as a toric hyper surface, defined 

as the zero of a homogeneous polynomial pz{xi) = in n variables Xi defined on the space 

(C"\E])/(C*)'^. Here S is a certain set removed from C^. The k C* actions act on 

,(fe) ff.\ 
the variables by multiplication Xi — > XiX * , with A G C* and some integers. The 

^ (k) 

simplest non-trivial example is P"^ with S = {xi = 0, Vz} and l\ = 1 Vz. The data of Z 
can be represented by a convex polyhedron A in the real extension of an integral lattice 
isomorphic to Z^. 



See p 



for background material on toric geometry, 
of the computation of world-sheet instantons in this framework and 
informations and links. 



59|] for a review 



9C] for many useful 



A.l. 2 D7-branes 

A minimal choice for an elliptic and KB fibered manifold Z with three Kahler moduli 
ta is an elliptic fibration over the Hirzebruch surfaces with n = 0, 1, 2.0 Let Z^ denote 
the elliptic fibration over F^. The manifold Z^ is described by a toric polyhedron spanned 
by the 7 vertices 

[0, 0, -1, 0], [0,0, 0,-1], [0,0, 2, 3], 2, 3], [-1,0, 2, 3], [0,1, 2, 3], [0,-1, 2, 3]. (A.l) 

Each vertex is associated with a coordinate Xi and a divisor Di : = in the standard 
way [|§. 

The classical prepotential depends on the topological data as described in eq. ([4.1|) . 
All manifolds have x = —480, whereas the other data vary: 

Zq: C2(Ja) = (92,24,24), J'cuHc = + tlt2 + ts {tit2 + tj), 

Zi : C2{Ja) = (92, 36, 24), J^^uMc = ^4 + \t2tl + ^^2^1 + ^3 (^2^1 + t?), 

Z2: C2(Ja) = (92,48,24), Tcub^c=y^l + 21211 +tltl+tz{tlt2+tl). 



"^^ Fibrations with n > 2 describe gauge backgrounds that leave more than two independent 
7-brane moduh on K3 x K3, as follows from F-theory/heterotic/F-theory duality and the results 
of [|6|. 
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The manifold Zx has another, flopped geometric phase, see e.g. |6^. By a change of 
variables t\ = U,t2 = T — U^ts = S — {1 — ^) U — ^ T, the cubic parts of the prepotential 
can be be brought into the standard form JF = STU + ^f/"^, which is the prepotential in 



the perturbative heterotic string variables ||54|| . 

The three Kahler moduli ta are the volumes of the curves in the classes Ca'- 

C^ = D^.D^, C2 = Ds.D^, Cs=Ds.De, 

that represent the elliptic flber E, the flber F of and the exceptional section B of F^, 
respectively. The variable ts enters linearly in the prepotential. We identify it with the 
volume of the lower K3 Xh, ts = p and use Q to denote the D3-instanton weight ( |2.2|) . 
The two other moduli describe the positions of two independent D7-brane on base of 
the upper K3 Xy in K3 x K3. 

A. 2. 2 D7 branes and 1 D3 brane 

The manifold is described by a toric polyhedron spanned by the 8 vertices 

[0,0 -1,0], [0,0, 0,-1], [0,0,2, 3], [1,1, 2,3], [-1,0, 2,3], [0,1,2, 3], [0,-1, 2, 3], [-1,1,2, 3] . 

There are four geometric Calabi-Yau phases related by flops. We consider a phase where 
the D3-brane is in a generic position. The toric diagram of the base and the triangulation 
are shown in Fig. 3. 




Fig. 3: Triangulation of the -Pi base. 
The cubic part of the prepotential is 

J'cuHc = {t2tl + tsh + tl) U + (2t3t2tl + Ml + ];tl + \tlti + tlti + 2^11) , (A.2) 

and topological data x — —420 and C2{Ja) = (82,36,48,24). The four Kahler moduli ta 
are the volumes of the curves in the classes C„: 



Ci = D^.De, C2=Ds.D,, Cs = D^-Ds, C^ = D^.Dq. 

Ci is the class of the elliptic flber, C2 is the proper transform of the flber F of Fi after the 
blow up, C3 is the exceptional and C4 is the class of the section of the K3 flbration. 

The translation to moduli in the dual F-theory is as follows. The volume of C4, t^, is 
again identifled with the volume modulus p of the dual K3 Xh- The three other moduli 
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correspond to two independent D7 brane moduli, and one D3-brane modulus. The two 
moduli t2 and ts describe the position of one D3-brane relative to the 7-branes and encode 
therefore already one position of the two 7-branes. One can take t2 or as the position 
of the D3-branes, while ti and + 12 as the two positions of the two D7-branes; in fact 
^3 + ^2 is the volume of the curve -D3.-D4 which is the section of the (elliptic fibration of 
the) KB fiber which has already been identified with one of the D7-moduli in the manifold 
Zi without D3-brane. 

There is a single light hyper multiplet from 37 strings for ^2 = or ^3 = 0. There is 
another hyper multiplet with mass ts + ^4 which gets light at strong coupling or small K3 
volume. As explained before, each hyper multiplet is the first state in an infinite tower of 
particles associated with a non-critical string with Eg current algebra. This is confirmed 
by a computation of the Gromov-Witten invariants 

E 

w^nst + 252^1 -f 5130gf -|- 54760^? -|- ...) = ^(gi), (A.3) 

for G {i?2, ?3, ?3<?4}- In fact the divisors and are described locally by a Weierstrass 
equation 

y'^ + + xzU + z^96 = , 

in C^/(C*)^, where subscripts denote the homogeneous degree of the polynomials / and g 
on the coordinates on a base. The sum in ( |A.3| ) arises from 2-cycles in that wrap once 
the section and k times the elliptic fiber. 

The instanton correction to the superpotential is contained in the period d^^F. From 
the prepotential (|A.2|) , and the special choice of section eq. ( [4.5|) , it follows that the classical 



superpotential does not depend on the moduli t4 and t2—ts. As expected the two unfixed 
moduli in the dual theory are the K3 volume and the D3-brane position, whereas the 
D7-brane positions ti and ^2 + ^3 are fixed by the classical superpotential. 

Here are two possible parametrizations of the moduli adapted to the F-theory dual. 
The first is 

ti = Sii, t2 = \{U -Sii)-B, ts = \{U -Sn)+B, u = p-lu~]-B, 

1 7 7 ^ ^^-4) 

7 = pSnU - -SnB^ + -Sfj + (-p - -U - -Sn). 

This corresponds to a D3-brane position with B = centered away from the 7-branes, 
valid in the patch Imta > 0. The shifts in p have been chosen to simplify the cubic terms. 
The second parametrization is 

ti = Sji, t2 = B, ts = U — Sji — B, t4 = p — U, 

T = pSnU - ^SuB^ - ^S]jB + ^Sh + {-p-U- ^Sn + ^B). ^^'^^ 

This corresponds to a D3-brane sitting on top of one of the 7-branes for B = 0. 
Note that in both cases, Imt^ > requires U > Su. 
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A. 3. 3 D7-branes and 1 D3 brane 



For the identification of tlie effective supergravity tlieories it is interesting to consider 
one extra D7 brane. We consider tlie manifold Zq defined by tlie vertices 

[[0,0, -1,0], [0,0, 0,-1], [0,0, 2, 3], [1,0, 2, 3], [-1,0, 2, 3], [0,1, 2, 3], [0,-1, 2, 3], [1,1, 2, 3], [0,-1, 1,2]]. 

Tflis manifold is related to Zq by a blow up in tlie K3 fiber, corresponding to a further 
independent D7-brane, and a blow up in the base Fq corresponding to one space-filling D3- 
brane.il There are several geometric CY phases in the Kahler moduli space. We consider 
one, where the D3-brane is at a generic position. The topological data are x = —360, 
C2{Ja) = (136, 82, 24, 24, 36) and 

^cubic =(3ti + ^2 + 2tit5 + 4t2^1 + ^2^4 + ^2^5 + 2tit4)t3 + 

1 3 

m2tl + -tlt2 + 6tit5t2 + Ititl + t2t45 + AUt\ + -htl + t4l + 

\il + ^^1 + ^1^5 + 5^5^? + ^t2Uti + 2ti^U ■ 

D O 

There are two linear variables, t3,t4 that can be identified with the K3 volume p. This 
corresponds to two dual compactifications of F-theory on K3 x K3. With the parametriza- 
tion 

h = C,t2 = Sii -2C,ts = p-^U- ^Sii - B, 

t^ = \u- ^Sn -B,t^ = hj- ]^Sn + S, 
the prepotential becomes 

:FcuHc = P {-C + SnU) + {-^B'^Sn - S]jU - ^SnUB + ^Sfj + ^C^ - IsiiU^) • 



"^^ This Calabi-Yau manifold has also been studied in |54] as model #16. 
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